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Abstract. An approximation scheme is a family of homogeneous subsets (A„) of a 
quasi-Banach space X, such that Ai C. A2 . . . C. X , An + An C AK{n), and U„^„ = X. 
Continuing the hne of research originating at the classical paper [7] by S.N. Bernstein, 
wc give several characterizations of the approximation schemes with the property that, 
for every sequence {e„} \ 0, there exists x € X such that dist{x, A„) 7^ 0(e„) (in this 
case we say that {X, {An}) satisfies Shapiro's Theorem). If X is a Banach space, x G X 
as above exists if and only if, for every sequence {dn} \ 0, there exists y € X such 
that dist{y, An) > 6n. Wc give numerous examples of approximation schemes satisfying 
Shapiro's Theorem. 

1. Introduction and motivation 

One of the most remarkable early results in the constructive theory of functions is 
Bernstein Lethargy Theorem: if Xq C Xi C X2 C ■ ■ ■ C X is an ascending chain of finite 
dimensional vector subspaces of a Banach space X, and \ is a non-increasing 
sequence of positive real numbers that converges to zero, then there exists an element x G 
X such that the n-th error of best approximation by elements of X„ satisfies E{x, X„) = 
for all n G N. Here and throughout the paper, we write E{x, A) = inf^g^ ||x — a\\ {x and 
A are an element and a subset of a quasi-Banach space X, respectively). Furthermore, 
the notation {an} \ means that the sequence (a„) is non- increasing, and lima„ = 0. 

The result quoted above was first obtained in 1938 by S.N. Bernstein [7] for X = 
C([0, 1]) and X„ = n„, the vector space of real polynomials of degree < n. The case of 
arbitrary finite dimensional X„ is treated, for instance, in [18, Section II. 5. 3]. 

There are very few generalizations of Bernstein's result to arbitrary chains of (possibly 
infinite dimensional) closed subspaces Xi C X2 C ... of a Banach space X. The results 
due to Tjuriemskih [52] and Nikolskii [38, 39] (see also [18, Section 1.6.3]) assert that a 
sufficient (resp. necessary) condition for the existence of x G X verifying E{x, X„) = is 
that X is a Hilbert space (resp. X is reflexive). These results were proved independently 
and by other means by Almira and Luther [3, 1] and Almira and Del Toro [1]. Moreover, 
in [2] it was shown that if X is a reflexive Banach space and {0} C Xi C X2 C ■ ■ ■ is an 
infinite chain of closed subspaces of X then for every pair of sequences of positive numbers 
{^n} \ 0, {6n} \ 0, there is an element x G X such that -E'(x,X„)/5„ converges to zero 
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but E{x, Xn)/en 7^ 0((5„). Also, Bernstein Lethargy Theorem has been generahzed to 
chains of finite-dimensional subspaces in non-Banach spaces (such as S F-spaces) by G. 
Lewicki [30, 29]. These two approaches were successfully combined by Micherda [36]. 

Thanks to the work by Plesniak [45], the lethargy theorem has become a very useful 
tool for the theory of quasianalytic functions of several complex variables. 

In 1964 H.S. Shapiro [47] used Baire Category Theorem to prove that, for any sequence 
Q ^2 C ... C X of closed (not necessarily finite dimensional) subspaces of a Banach 
space X, and any sequence {5„} \ 0, there exists an x G X such that E{x,Xn) ^ 
0(£„). This result was strengthened by Tjuriemskih [53] who, under the very same 
conditions of Shapiro's Theorem, proved the existence of x G X such that E{x^ X„) > 
n = 0, 1,2, Moreover, Borodin [8] gave an easy proof of this result and proved 
that, for arbitrary infinite dimensional Banach spaces X and for sequences {Sn} \ 
satisfying > e^, = 0, 1, 2, ■ ■ ■ , there exists x E X such that E{x, X„) = e„, 

n = 0, 1,2,---. 

However, approximation by linear subspaces of a Banach space is very restrictive. There 
are many other choices of approximation processes such as rational approximation, ap- 
proximation by splines with of without free knots, n-term approximation with dictionaries 
of different kinds, and approximation of operators by operators of finite rank, just to men- 
tion a few of them. Do the results of Bernstein, Shapiro and Tjuriemskih hold in this 
setting, too? The following startling result was proved by Yu. Brudnyi [10, Theorem 
4.5.12]: 

Theorem 1.1. Suppose {0} = Aq G Ai G ■ ■ ■ (Z An G is an infinite chain of subsets of a 
Banach space X , satisfying the following conditions: An + A^ G An^m for all n,m G N; 
XAn G An for all n gN and all scalars X; IJneN ^■^ dense in X ; and 

(1.1) 7 = inf sup E{x,An)>0. 

"^^^ xeA^+u\\x\\<l 

Then for every non-increasing convex sequence {5„}5^q \( there exists x G X such that 
E{x,An) > En for all n G N, and E{x,An) < cSn for infinitely many values of n (the 
constant c depends only on '-/). 

Recall that a sequence e„ is called convex if, for every n, e„ < (£„_! + 5„+i)/2. By [20, 
pp. 113-1 14], for any sequence \ 0, there is a convex sequence {C,n} \ such that 

> for all n gN. Thus, we do not need to assume the convexity of {^n} to show the 
existence of x G X satisfying E{x, An) > En for any n gN. 

In this paper, we are concerned with generalizations of results of Brudnyi and Shapiro 
quoted above for general approximation schemes, defined by A. Pietsch [I I] to produce a 
unified approach to diverse phenomena of approximation theory. 
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Definition 1.2. Suppose X is a quasi-Banach space, and let C C . . . C X be an 
infinite chain of subsets of X, wliere all inclusions are strict. We say that (X, {^n}) is an 
approximation scheme (or that (An) is an approximation scheme in X) if: 

(i) There exists a map K : N ^ N such that K{n) > n and An + An ^ AK{n) for all 

77, e N (we can assume that K is increasing). 
(ii) XAn C An for all n G N and all scalars A. 
(^^0 UnGN is dense in X. 

One example of an approximation scheme is an increasing chain of linear subspaces of 
X, whose union is dense. Then we can take K{n) = n. Further examples of approximation 
schemes can be found throughout the paper. 

Definition 1.3. We say that (X, {y4„}) satisfies Shapiro's Theorem if for any non- 
increasing sequence {£„} \ there exists some x G X such that E{x, An) ^ 0{en)- 

Section 2 is devoted to describing approximation schemes satisfying Shapiro's Theorem 
(Theorems 2.2 and 2.6). In Section 3, we prove that for an approximation scheme in a 
Banach space X, satisfying Shapiro's Theorem is equivalent to (a weakened version of) 
Brudnyi's Theorem 1.1 (Theorem 3.3, Corollary 3.6). Section 4 shows some examples 
of "pathological" approximation schemes failing Shapiro's Theorem. Section 5 studies 
the relationship between approximation schemes that satisfy Shapiro's Theorem, and 
those verifying the abstract versions of Jackson's and Bernstein's inequalities. Section 6 
contains many examples of approximation schemes which do satisfy Shapiro's Theorem. 
Finally, Section 7 examines the related question of controlling the rate of decay of the 
best approximation errors. 

2. Shapiro's Theorem 

Throughout this paper, we work with approximation schemes in infinite dimensional 
quasi-Banach spaces. The proposition below shows that a finite dimensional space cannot 
"host" an approximation scheme. 

Proposition 2.1. Suppose X is a finite dimensional space, and the family of its subsets 
Aq G Ai G ■ ■ ■ G An G ■ ■ ■ G X satisfies (i), (ii), and (Hi) of Definition 1.2. Then there 
exists X G N such that An = X . 

Proof. For each n, X„ = span[/l„] is a closed subspace of X. Then Xi C X2 C 
As U„,y4„ is dense in X, we conclude that X„ = X for some n. By Caratheodory's 
Theorem, and by the homogeneity of the set An, any x G X can be represented as 
X = X^^i afcflfc, with Cfc G An, and G M (here M = dimX + 1). Therefore, X = A^, 
where N = K{. . . {K{n)) . . .) (M times). □ 

Note that if ((X, || ■ ||),{y4„}) satisfies Shapiro's Theorem, and ||| ■ ||| is an equivalent 
quasi-norm on X, then ((X, ||| ■ |||), {^n}) also satisfies Shapiro's Theorem. This remark 
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will be particularly useful for quasi- normed spaces X, as it allows us to deploy Aoki- 
Rolewicz theorem: any quasi-normed space can be equipped with an equivalent norm 
III ■ III for which there exists p G (0,1] such that |||x + i/||p < 1 1 |a;| 1 1^ + 1 1 |y| 1 1^ for any 
x,y E X (see e.g. [27, pp. 7-8]). 

Theorem 2.2. Suppose (An) is an approximation scheme in a quasi-Banach space X. 
The following are equivalent: 

(a) The approximation scheme {X,{An\) satisfies Shapiro's Theorem. 

(b) There exists a constant c > and an infinite set Nq C N such that for all n G Nq, 
there exists Xn & X \ An which satisfies E{xn, An) < cE{xn, AK{n))- 

(c) There is no sequence \ such that E{x,An) < £n\\x\\ for all x E X and 
n G N. 

For the proof we need: 

Lemma 2.3. Let h : N ^ N be a map such that h{n) > n for all n, and let {Sn} \ 0. 
Then there exists a sequence {^n} \ such that C,n > o-nd S,n < '^^h{n) for every n. 

Proof. Passing from the original function h to (say) h'{n) = maxi<fc<„ h{k) + n, we can 
assume that (i) h{n) > n for every n, and (ii) the function h is strictly increasing. Set 
mo = 0, and, for k > 1, rrik = h{mk^i). Set /Sq = ei, and /3k = max{emfc, /3fc-i/2} for 
k > 1. For n G N, find k > such that n G [m^, m^+i), and set ^n = Pk- 

Then the sequence (^„) has the desired properties. For n G [mfc,mfc+i), in = Pk ^ 
^nik ^ ^n- Furthermore, as h is increasing, h{n) G [m^+i, mfc+2), hence ^^n) = Pk+i > 
/3fc/2 = It remains to show that lim,^„ = 0, or in other words, that lim/3fc = 0. 

If = ^TUk fo^^ infinitely many values of k, then lim/J^ = lime^fe = 0. Otherwise, 
Pk = /3fc-i/2 for any k > k^. In this case, too, lim/3fc = 0. □ 

Proof of Theorem 2.2. As X is a quasi-Banach space, there exists a constant Cx such 
that ||x + y\\ < Cx(||a;|| -|- \\y\\) for any x,y E X. 

(b) =^ (a): As a first step, we prove the existence of x G X satisfying E{x, An) 7^ 0(£:„) 
under the additional assumption that < 2eK{n+i)~i for all n G N. Assume, for the 
sake of contradiction, that E{x, An) = 0(£:„) for all x E X. Then X = IJm=i where 
Ta = {x E X : E{x, An) < aSn, n = 0, 1, 2, ■ ■ ■ } (a > 0). The sets F^ are closed subsets 
of X. Furthermore, E{—x, An) = E{x, An) for all n, hence F^ = — F^ for all m. Finally, 



(2.1) 



COnv(F„,) C T2mCx 
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(here, conv(S') stands for the convex hull of a set S). Indeed, suppose x,y E F^, and 
A G [0, 1]. Recalling the inclusion An + An C AK{n), we see that, for every n, 

E{\x + {1- X)y,AK(n)) = inf \\Xx + {1 - X)y - g\\ 

< inf ||A(x-a) + (l-A)(y-6)|| 

a,bGA„ 

< Cx[mi ||A(x-a)||+ inf ||(1 - A)(y - 

= XCxE{x, An) + (1 - X)CxE{y, An) < mCxSn- 

For an arbitrary j, find n such that K{n) < j < K{n + 1) (for simplicity, we set K{0) = 0). 
Then 

E{Xx + (1 - A)y, Aj) < E{Xx + (1 - A)y, AKin)) < mCxSn < 2mCxeK(n+i)~i < 2mCxej, 

which implies Ax + (1 — X)y G T2mCxy ^^^^ proving (2.1). 

By Baire Category Theorem, there exists some mo G N such that Tmo has non-empty 
interior. That is, there exists a ball B{x,r) C Fm,j with r > 0. By symmetry, —B{x, r) C 
Tmo- By (2.1), 

5(0, r) C ^{Bi-x,r) + B{x,r)) C Fs^^c^. 
Hence, -^^x G T2moCx every x E X, and the inequality 

WxW 

E{x, An) < 2moCxen 

r 

holds for all X G X and all n G N. 

For n G Nq, find a„ G An such that — a„|| < 2_E'(x„,, A„), where {xfcjfcgNo is the 
sequence of elements of X given by condition {h). Take yn = Xn — cin- Then 

Ibn - bn\\ = \\Xn - (a„ + 6„)|| > E{Xn,AKIn)) > --E(x„, A„) > ^\\yn\\ 

c 2c 



for all bn E An- Hence 



^hnW < E{yn,An) < ^^^2moCxen, 
2c r 



and consequently, l/(2c) < 2'mQCx£n/r for all n G Nq. This contradicts 5„ 0. Thus, 
for every sequence {£„} \ satisfying < 2eK(n+i)~i {n E N), there exists x E X such 
that 5(x,yl„) ^ 0{en). 

Now suppose the sequence {Sn} \ is arbitrary. Applying Lemma 2.3 to {e^jJ^Q and 
the map h{n) = K{n+1) — 1, we obtain a sequence {^n}$^o satisfying < < 2^ii:(„+i)_i 
for all n G N. By the above, there exists x E X such that E{x, An) 7^ 0(^„), which implies 
E(x,An) 7^ 0(£„). This ends the proof of (b) =^ (a). 

(a) ^ (6): If X = U^o^ri' then both (a) and (6) are false, since in this case, for any 
X E X there exists n eN such that E{x, An) = 0. Suppose X ^ UJ^qA^, and (b) is false. 
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Then the sequence {c^jj^o °*^)' given by 



X' 




has no bounded subsequences, hence hm„_j.ooC„ = oo. Set Ek = 1/cn for K{n) < k < 
K{n + 1) and let {e* } denote the non-increasing rearrangement of the sequence {Sn} G 
Co(N). For any x E X \ UJ^qA^, and any k G [K{n)^ K{n + 1)), we have 



hence E{x,Ak) = 0{el), and (a) is also false. 

(a) =^ (c) is clear. On the other hand, if (a) is false then (b) is also false, so that (2.2) 
holds true. This implies that E{x,Ak) < for the sequence {el} \ described 



Remark 2.4. It follows from Theorem 2.2 that every non trivial linear approximation 
scheme (i.e. every approximation scheme verifying K{n) = n and A^ X for all n) 
satisfies Shapiro's Theorem. In particular, this extends Shapiro's result to the quasi- 
Banach setting. 

A different proof of Theorem 2.2 was given by Almira and Del Toro in [1, 2]. That 
proof used some general theory of approximation spaces, introduced by Almira and Luther 
in [3, 4]. The proof presented here is self-contained, avoids the theory of generalized 
approximation spaces, and follows a more classical line of thinking. 

One of our main tools for verifying that an approximation scheme satisfies Shapiro's 
Theorem is property (P). 

Definition 2.5. We say that an approximation scheme {X, {An}) satisfies property (P) 
(with constants a,b > 0) if for every n E N, n > 0, there exists an element x E X with 
= 1 such that E{x,An) > 

Theorem 2.6. Suppose an approximation scheme {X,{An}) satisfies property (P), and 
there exists c > 1 such that An + An C Acn for any n E N. Then {X, {An}) satisfies 
Shapiro's Theorem. 

Proof. Assume, for the sake of contradiction, that (X, {^n}) fails Shapiro's Theorem. By 
Theorem 2.2, for any C > 1 there exists N eN such that E{x, An) > CE{x, Acn) for any 
X G X and n > N. Pick C > and select k to satisfy aN^ < ^ (here, a and h are as in 
Definition 2.5). Take x E X with ||a;|| = 1 and E{x, Ack^) > ;^7^x/vW- Then 



(2.2) E{x,Ak) < E{x,AK{n)) < —E{x,An) < —\\x\\ = ek\\x\\ < el\\x 




above. 



□ 



1 = ||a;|| > E{x, An) > CE{x, A^n) > C^E{x, Ac2n) > ■ > C'E^x, A.^^v), 



so that 



hence a{c^N) 




-k 



□ 
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Section 6 contains several examples where Property (P) is used to show that an ap- 
proximation scheme satisfies Shapiro's Theorem. 



To proceed, we need to introduce some notation. Recall that, for x G X and A G X, 
we define E{x,A) = inf^g^ ||x — a\\. Furthermore, for subsets A,B of X, we define 
E{B, A) = supbgg E{b, A) (note that E{A, B) may be different from E{B, A)). We denote 
by S{X) the unit sphere of a quasi-Banach space X. 

Definition 3.1. We say that (X, {^n}) satisfies Brudnyi's condition if (1.1) holds. We say 
that (X, {^n}) satisfies weak Brudnyi's condition with constant c G (0, 1] if E{S{X), An) > 
c for all n G N. 

Note that Brudnyi's condition implies the "jump condition" from Theorem 2.2(b), that 
is, the existence (for each n G N) of x„ G X satisfying E{xn,An) < CE{xn, AK(n))- This 
implication holds for general approximation schemes, and not just for the case K{n) = 2n, 
covered by Brudnyi's theorem. Indeed, applying (1.1) to AK(n), we obtain x„ G Aii-(n)+i 
such that = 1 and E{xn, AKi^n)) > 7- Then 



where C = I/7. 

However, there exist approximation schemes failing Brudnyi's condition (1.1), for which 
one can obtain a prescribed rate of decay of {E{x, An)). 

Theorem 3.2. There exists an approximation scheme (An) in the space Cq, such that 

Am ~l~ An C ^max{m,n}+l 

for any m, G N, and: 

(1) Brudnyi's condition (1.1) is not satisfied. 

(2) For any {Sn} \ 0, there exists x E cq such that E{x, A2n-i) = Sn for any n G N. 
Consequently, (An) satisfies Shapiro's Theorem. 

Proof. We introduce the sets -B„: Bq = {0}, i?i = {(xi, 0, ■ ■ ■ , 0, ■ ■ ■ ) : Xi G M} and, for 
n>l, 



Let us also introduce the sets Un = {(xi, ■ ■ ■ , x^, 0, ■ ■ ■ ) : (xi, ■ ■ ■ , x„) G M"}. Consider 
the approximation scheme (X, {/1„}^q), where Aq = Bq, Ai = Bi = Hi, A2 = B2, 
As = Ha, A = S3, = Bs, ■ ■ ■ . Clearl y, Ap C C C ■ ■ ■ C cq, A„ + C 
^max{n,m}+i C An+m for any m and n, and U„,y4„, = cq. Furthermore, if {£„} \ 0, then 
X = {eq, 61,62, . . .) G Cq satisfies E{x, A2n-i) = £n for any n. 



3. A COMPARISON WITH BRUDNYI'S THEOREM 



E{Xn,An) < 1 = C7 < CE{Xn,AKin)), 



5, 



'n+1 — 



(xi, ■ ■ ■ , Xn+i, 0, ■ ■ ■ ) : i^i, ■■■ ,Xn) and |x„+i 



< 
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However, there is no 7 > such that E{S{X) fl An+i, An) > 7 for every n. Indeed, it 
is easy to see that 

E{S{X) n A2k, A2fc_i) = E{S{X) n B^+i, Uk) = 

Thus, the approximation scheme (An) has the desired properties. □ 

Clearly, if, for an approximation scheme {X,{An}), the lower estimate of Brudnyi's 
Theorem 1.1 holds (that is, for any \ there exists x E X such that E{x, An) > e„ 
for every n), then {X,{An}) satisfies Shapiro's Theorem. If X is a Banach space, the 
converse is also true. 

Theorem 3.3. Suppose X is a Banach space, and an approximation scheme {X, {An}) 
satisfies Shapiro's Theorem. Then for every sequence {5„}5^q \ there exists x G X 
such that E{x, An) > En for all n eN. 

For the proof we need two lemmas. The first one will be stated for the quasi-Banach 
setting because we will use it later (see Corollary 3.6) to give a new characterization of 
approximation schemes that satisfy Shapiro's Theorem. 

Lemma 3.4. If X is a quasi-Banach space, and an approximation scheme {X, {An}) 
satisfies Shapiro's Theorem, then E{S{X), An) = 1 for = 0, 1, 2, . . .. 

Proof. Suppose otherwise. Then there exists n G N such that E{S{X), An) = ci < 1. 
Find c G (ci, 1). Then every x E X admits a decomposition x = yi + Zi with yi G An 
and < c||x||. Furthermore, = 2/2 + -22, with y2 G An, and ||2;2|| < c||2;i|| < c^||x||. 
Continuing in the same way, for any A; G N we get a decomposition x = yi+y2 + - ■ ■+yk+Zk, 
with yi,y2, ■ ■ ■ ,yk £ An, and \\zk\\ < c'^||x||. Now, the sum yi + y2 + ■ ■ ■ + yk belongs 
to A^fc(n) (here, K''{n) = K{K{. . . K{n) . . .)) {k times), so that -E'(x, /lj^fc(„)) < for 
= 0, 1, 2, ■ ■ ■ and ||a;|| < 1. It follows that 

(3.1) E{x, A^fc(„)) < c^'lla;!! for A; = 0, 1, 2, ■ ■ ■ and x EX. 

Now let Si = for K^~^{n) < i < K^{n). For such i, and x E X, 

E{x,Ai) < E{x,AKk^n)) < c''\\x\\ = ei\\x\\. 

As {si} \ 0, this contradicts our assumption that {X, {An}) satisfies Shapiro's Theorem. 

□ 

Lemma 3.5. Suppose X and (Ai) are as in Theorem 3.3. Then there exists a sequence 
of natural numbers Sq = < Si < S2 < . . such that {X, {As-}) satisfies the hypotheses 
of Brudnyi 's Theorem 1.1. 

Proof. Throughout, we are assuming that the function K appearing in the definition of 
an approximation scheme (Definition 1.2) is non-decreasing. It suffices to select sq = < 
■Si < S2 < . . . in such a way that the sets Bi = Ag. satisfy (i) i?„ + B^ C i?max{n,m}+i for 
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all n,m eN, and (ii) E{Bn+i n S{X),Bn) > 1/2 for any n eN. Suppose Sq = < Si < 
. . . < Sk have already been selected in such a way that the (i) and (ii) are satisfied for 
<m,n < k-1. By Lemma 3.4, E{S{X), Bk) = 1. As = X, there exist i > K{sk) 
and X E Ae n S{X) such that E{x,Bk) > 1/2. Then Sk+i = i works for us. Indeed, 
E{S{X) n Bk+u Bk) > 1/2. Furthermore, 

Bk + Bk = As^ + Asi^ c Ak{s^) C Ai = Bk+i- 

Proceeding inductively, we obtain = sq < si < . . . with the desired properties. □ 

Proof of Theorem 3.3. By [20, pp. 113-114], there exists a convex sequence (5„), conver- 
gent to 0, such that 5„ > En for every n. By Brudnyi's theorem, there exists x E X such 
that E{x, AsJ > 5i for z = 0, 1, 2, . . .. But Ai C A^^, hence E{x, Ai) > E{x, A^,) > for 
every i. □ 

Corollary 3.6. For any approximation scheme {X, {An}) the following are equivalent 
claims: 

(a) {X,{An}) satisfies Shapiro's Theorem. 

(b) {X,{An}) satisfies the weak Brudnyi's condition with constant c for every c G 
(0,1]. 

(c) {X,{An}) satisfies the weak Brudnyi's condition with constant c for a certain 
CG (0,1]. 

Moreover, if X is a Banach space, then (a), (b) and (c) are equivalent to: 

(d) For every non- decreasing sequence {^nj^o \ there exists an element x E X 
such that E{x, An) > En for all n eN. 

Proof, (a) =^ (b) follows from Lemma 3.4. (b) =^ (c) is trivial. To prove (c) =^ (a), assume 
c G (0, 1) is such that sup nefi E{S{X), An) > c > 0. Then for every n E N there exists 

Xn E X with ||X„|| = 1 and E{Xn,AK{n)) > C, so E{Xn,An) < \\Xn\\ = 1 < cE{Xn,AK{n))- 

This, in conjunction with Theorem 2.2, implies that {X, {^4^}) satisfies Shapiro's theorem. 

Finally, the claim that (a) =^ (d) holds for Banach spaces is just a reformulation of 
Theorem 3.3, and (d) =^ (a) is trivial. □ 

As a consequence, we show that the approximation schemes satisfying Shapiro's Theo- 
rem are stable under perturbations. 

Proposition 3.7. Suppose, for a quasi-Banach space {X, \\ ■ \\), there exists p E (0,1] 
for which any Xi,X2 E X satisfy \\xi + X2\\^ < \\xi\\^ + \\x2\\^. Suppose the approxima- 
tion schemes (An) and {Bn) in X are such that (A„) satisfies Shapiro's Theorem, and 
liminf„ i?(S'(X) fl Bn,An) < 1. Then {X, {Bn}) also satisfies Shapiro's Theorem. 

Proof Pick C E (liminf„ E{S{X) n Bn, An), 1). Then for any iV G N there exists n> N 
such that E{S{X) D Bn, An) < C. Find < c < 1 such that + Cp(1 + c^) < 1. By 
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Corollary 3.6(c), it suffices to show that, for such ra, E{S{X), > c, since the sequence 
{E{S{X), Bk))'^^Q is non-increasing. 

Suppose, for the sake of contradiction, for every x e S{X) there exists b E Bn with 
< c. Asb = x-{x-b), \\b\\ < {\\x\\p + \\x - bW^y^P < (1 + 0^)^/^ Then there exists 
ae An such that ||6 - a\\ < C(l + 0^)^/^, hence 

\\x - af < \\b - af + \\x - b\\P < + + cP), 

which contradicts Corollary 3.6(b). □ 

Another useful consequence of Corollary 3.6 is: 

Corollary 3.8. Let X be a quasi-Banach space and let us assume that for each r G N, the 
family (An,r)5^o defines an approximation scheme in X that satisfies Shapiro's Theorem 
and Ui < n2, ri < r2 imply Ani,ri ^ ^n2,r2- Then for every pair of increasing sequences 
{ui} — 7- oo, {rj} — )■ oo, the approximation scheme (A^-^^J satisfies Shapiro's theorem. 

Proof. Let us denote Bi = An^^n, "i = 0,1,2,---. Obviously, (i?j) is an approximation 
scheme in X. By hypothesis and by Corollary 3.6, for each n,r G N we have that 
E[S{X).i An^r) = 1- Hence, for each i G N, we also have E{S{X), Bi) = 1, and the result 
follows as a direct application of Corollary 3.6. □ 

4. Approximation schemes that do not satisfy Shapiro's Theorem 

Section 6 below gives many examples of approximation schemes satisfying Shapiro's 
Theorem. In this section, we present some examples of schemes failing this condition, and 
explore their properties. 

For an approximation scheme {X, {An}), define its density sequence d„ = d„(X, {^n}) 
by setting, for n > 0, d„ = E{S{X), An). Clearly, 1 = do > di > . . . > 0. 

Proposition 4.1. Suppose (An) is an approximation scheme in a quasi-Banach space X , 
and the function L : N x N — N zs such that Am + A„ C A^m^n) for any m,n E N (we 
can take L{n,m) = i^'(max{?7,, m})^. Then dL(^m,n) < dmd„ for any m, ri G N. 

Proof. Consider x E X. Fix 6 > 0, m, and n. Write x = a + y, with a G An, and 
\\y\\ ^ (1 + <^)dn||a;||- Furthermore, write y = b + z, with b G A^ and 

||;z|| < (1 + 6)dn,\\y\\ < (1 + 6)^dmdn\\x\\. 

Then x = {a + b) + z, with a + 6 G ^^(m.n)- As 5 > is arbitrary, we are done. □ 

Corollary 4.2. Let (An) be an approximation scheme in a quasi-Banach space X . Then 
[An) satisfies Shapiro 's Theorem if and only z/ d„ = 1 for any n E N. 

As a particular case of Proposition 4.1, consider an approximation scheme arising from a 
dictionary. We say that a set P is a dictionary in a quasi-Banach space X if span[I?] = X. 



J. M. Almira, T. Oikhberg 



11 



Define the approximation scheme (X, by setting 

(4.1) So(P) = {0}; = U span[F] for n > 1. 

FcV,\F\<n 

Then S„(P) + Sm(^^) = Sn+m(^^) for every ra, m > (hence we can take L(m, n) = m+n). 
We thus have: 

Corollary 4.3. Suppose an approximation scheme (S„(D)) is constructed as described in 
the previous paragraph. Then dm+n < dmdn for any m and n. In particular, if dm < 1 
for some m, then the sequence (d„) decays exponentially or faster. 

In Section 6, we shall see many dictionaries (some quite redundant) for which d„ = 1 
for any n. These dictionaries cannot be "too redundant." Indeed, if a dictionary "D is a 
c-net of the unit sphere S{X) for some c < 1, then di < c, hence d„ < c" for every n. 

Below we consider an "extreme" case of d„ becoming for n large enough. 

Proposition 4.4. Let (X, {^4^}) he an approximation scheme. The following are equiv- 
alent: 

(a) \J An = X (equivalently, for all x & X there exists n = n{x) G N such that 
E{x, An) = 0). 

[b) An = X for some n eN (equivalently, E{x, An) = for all x E X). 
Consequently, [JAn^X if and only z/ d„ > for all n. 

Proof. The implication (b) =^ (a) is obvious. To prove the converse, suppose X = U„74„. 
By Baire Category Theorem, for some n, there exist x E X and c > such that B{x, c) 
(the ball with the center at x, and radius c) lies inside of An- By symmetry, B{—x, c) C An- 
Then 

5(0, c) C B{x, c) + B{-x, c)cA^ + A^C A^y 

But XAK(^n) = AK{n) for any scalar A and m, hence Ax(n) = ^■ 

To prove the last claim of the Proposition, note that X ^ An ii and only if d„ > 0. □ 

Corollary 4.5. Suppose V is a Hamel basis in a Banach space X . Then there exists 
n G N for which S„('D) is dense in X . 

Note that there are no uniform bounds for the values of n with the property outlined 
in Propositions 4.4(b) and Corollary 4.5. Indeed, by [ti], any Banach space has a dense 
Hamel basis V. In particular, ^i(T>) is dense in X. On the other hand, consider a space 
X = i^®p Y. If "H is a Hamel basis in F, then V = {d ® h : 1 < i < N, h e n} ((e,) 
is the canonical basis in i^) is a Hamel basis in X. Then, for any n < N, there exists a 
norm 1 x E X such that E{x, S„(P)) = 1 (indeed, (ei + . . . + cn) © has this property). 

Another corollary deals with Hamel bases indexed by positive reals. 
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Corollary 4.6. Suppose V = {ej}jg[o,oo) is a Hamel basis of a separable Banach space 
X, and An = span[{ej}j<„] . Then there exists uq ^ N such that An^ is dense in X. In 
particular, An^ is an infinite codimensional dense subspace of X . 

Next, we present an example where the "slowest possible" rate of approximation E{x, An) 
is precisely controlled. 

Theorem 4.7. Suppose X is Loo{0, 1), ioo, or C(A) (where A is the ternary Cantor set). 
Suppose, furthermore, that 1 > £i > £2 ^ • • • > 0, and lim„e„ = 0. Then there exists 
an approximation scheme (An) in X such that the d„ < for any n, and there exists 
X G S{X) with the property that E{x, An) > + ^n) > ^ for any n. 

The above theorem is stated for real Banach spaces. Similar results (with different 
constants) can also be obtained in the complex case. 

Proof. We start by presenting the construction of {An) in the case oi X = Loo(0, 1). 
Find a sequence of positive integers m(l) < m(2) < . . ., such that, for any n, l/m(n) < 
< l/(m(n) — 1). Define An as the set of (equivalence classes of) functions in Loo(0, 1) 
assuming no more than m{n) different values. In other words. An consists of all functions 
a = Y^^=i OiiXE^i where {Eif^^f* is a partition of (0, 1) into measurable sets. 

(1) For a norm 1 function x G ivoo(0, 1) and n G N, we shall find a & An such that 
||x — a|| < l/m(n). To this end, let Sj = (2j — l)/m{n) — 1 (1 < j < m{n)). Let 
Ji = [-l,-l + 2/m(n)], and Ij = (-1 + 2(j - l)/m{n), -1 + 2j /m{n)] for 2 < j < m{n). 
Note that Sj is the midpoint of Ij. For t G (0, 1), define a(t) = Sj if x(t) G Ij. Then a is 
defined almost everywhere, a G An, and ||x — a\\ < l/m{n) < En- 

(2) We claim that the function x{t) = 2t — 1 is such that ||x — a\\ > l/m{n) > 
£„/(! + £„). Indeed, suppose a takes values ai < 02 < • . . a^, with k < m{n), and 

— a|| = c < l/m{n). Then x{t) G Uj^i[aj — c, aj + c] almost everywhere, which, in turn, 
implies ai < — 1 + c, Cj + 2c > a^+i for 1 < j < A; — 1, and > 1 — c. This, however, is 
impossible. 

The case of X = is handled the same way, with minor modifications. For X = 
C(A), consider elementary intervals Tg^k = [Sj=i ■^jS"-', Sj3~-^ + 3"'''] {k E N, s = 
(si, . . . ,Sk) G {0, 2}^^). Define An to be the set of functions a on A such that (i) a attains 
no more than m{n) different values, and (ii) there exists k E N such that the restriction 
of a to Ts^k n 5 is constant for any s G {0,2}^. To show E{x,a) < ||x||/m(n) for any 
X G C(A), take into account the uniform continuity of x. A version of the "Cantor 
ladder" gives an example of x with E{x, An) > l/m{n) > En/ {I + En) for any n. □ 

The theorem above implies that many Banach spaces contain an approximation scheme 
with controlled rate of approximation. 

Corollary 4.8. Suppose X is an infinite dimensional Banach space, and either (1) X is 
injective, or (2) X is separable, and contains an isomorphic copy ofC{A). Then there 



J. M. Almira, T. Oikhberg 



13 



exists a constant c > such that, for every sequence 1 > £i > S2 > ■ ■ ■ > 0, satisfying 
limnEn = 0, there exists an approximation scheme (An) with the property that d„ < 
for any n, and there exists x G S{X) with the property that E{x, An) > CEn for all n. 

Proof. (1) Suppose X is injective. Then (see [31, Theorem 2.f.3]), there exists a subspace 
y of X, a projection P from X onto Y, and an isomorphism U : Y with contractive 

inverse. By Theorem 4.7, there exists an approximation scheme (-Bn) in (-00 such that 
E{z,Bn) < Sn\\z\\ for any n and z G ioo, where 5„ = £:„/(||f/|| ||P||). Furthermore, there 
exists Zo G ioo with ||2o|| = 1, and E{zo,Bn) > 5rt/2 for any n. We claim that the family 
An = kei P + span[f/^^(i?„)] has the desired properties. 
Note first that, for any a; G X, 



E{x,A„) < E{Px,U-\Bn)) < E{UPx,Bn) < 5n\\UPx\\ < 5r 



On the other hand, find Zq G 15(^00) such that E{zQ,Bn) > 5„/2 for any n. Then Xq 
U~^zo has norm not exceeding 1. To estimate E{xo,An), consider b G An- Then 

\\xo - b\\ > ^11^(^0 -b)\\ = ^||xo - Pb\\. 

Furthermore, 

||xo - Pb\\ > T^WUxo - UPb\\ = -L^\\zo- UPb\\ > T^E{zo, S„) > 



\\Ur " " \\U\r " \\U\\ '''-2\\UW 

This leads to the desired estimates on E{xo, An). 

The proof of (2) is very similar, except that now, we rely on the fact that any separable 
Banach space containing a copy of C(A), must also contain a complemented copy of the 
latter space (see e.g. [46]). □ 

Remark 4.9. A weaker version of Theorem 4.7 holds in the space Cq. More precisely, 
suppose 1 > ^1 > £2 > • • • > 0, and lim„e„ = 0. Then there exists an approximation 
scheme [An) in Cq, with the following properties: 

(1) en>dn> £n/3. 

(2) For any non-increasing sequence G Cq there exists x G Cq such that E{x, An) > 
6n£n for every n. 

As the construction is similar to the one presented above, we do not describe it here. 



5. Connection with Central Theorems of Approximation Theory 

In this section we examine the connections between the so called central theorems of 
approximation theory - that is, the classical Jackson's (direct) and Bernstein's (inverse) 
results for the speed of approximation by a given approximation scheme - and Shapiro's 
Theorem. 
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Definition 5.1. Let (X, {A„}) be an approximation scheme and let F be a quasi-semi- 
Banach space continuously and strictly included in the quasi-Banach space X. We say 
that the approximation scheme (X, {^n}) satisfies {generalized) Jackson's Inequality With 
respect to Y if there exists a sequence (c^) such that lim„^oo Cn = +00 and 

(5.1) < — for all X e F. 

The approximation scheme (X, {^n}) is said to satisfy {generalized) Bernstein's Inequality 
with respect to Y if IJ^o — ^"^^ there exists a sequence such that lim„^oo hn = 
+OC and 

(5.2) \\Xn\\Y < bn\\Xn\\x for all Xn € An. 

(The classical definition for these inequalities appears when bn = Cn = Crf). 

Jackson's Inequality does not imply Shapiro's Theorem. On the contrary, Jackson's 
Inequality is satisfied for a sufficiently large space Y d X ii and only if Shapiro's Theorem 
fails. 

Proposition 5.2. For an approximation scheme (X, {A„}), the following are equivalent: 
{i) (X, {A„}) does not satisfy Shapiro's Theorem. 

{ii) {An) satisfies Jackson's Inequality for some finite codimensional subspace Y G X. 
{Hi) {An) satisfies Jackson's Inequality for every subspace Y G X . 

In particular, if {X, {An}) satisfies Shapiro's Theorem and Y is a quasi-normed subspace 
of X such that {An) satisfies Jackson's Inequality with respect to Y , then Y must be of 
infinite codimension. 

Proof. {Hi) =^ {ii) is trivial. 

{i) =^ {Hi): by Corollary 3.6, there exists a sequence \ such that E{x,An) < 
^n||3;||x for any x G X. The space Y is continuously embedded into X, hence there exists 
a constant C such that \\y\\x < for any y eY. Therefore, E{y,An) < Cen\\y\\Y 

for any y eY, which is (5.1) with c„ = (Ce^)"^. 

{ii) =^ {i): by Corollary 3.6, it suffices to find m G N for which E{S{X),Am) < 1. Let 
N = dimX/Y. U N = (that is, X = Y), there is nothing to prove. Otherwise, consider 
the quotient map q : X ^ E = X/Y. Find Xi, . . . , Xat in X, such that the vectors = qXi 
form a normalized basis in E, and ||xj|| < 2 for every i. Then there exists a constant 
Ci > 1 such that C^'^ maxi<j<Ar < || J2i<i<N '^il^iW fo^ X-tuple of scalars (a^). 

Recall the existence of a constant Cx > 1 such that ||x + < Cx(||x|| + \\y\\) for any 
x,y E X. By induction, 

m m 

i=i j=i 
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for any Zi, . . . , Zm ^ X . We claim that any x G S{X) has a representation 



N 



c 



N 
X ■ 



(5.4) X = y + ^^ajXj, with max |aj| < Ci, and \\y\\ < C2 = 2Ci 

i=l 

Indeed, < 1, hence one can write qx = Xlili'^j^j' with (a,) as above. Then y = 

X — Xlili '^i^i ^ ^5 ^iid (5.3) yields the desired estimate on the norm of y. 

Pick c G (0, 1), and show the existence of m G N for which E{S{X), A^) < c. Start by 
using (5.1) to find n eN such that E{y,An) < c\\y\\/{2NC2Cx) holds for every y eY. 
Then find k > n such that, for every i G {!,..., A^}, there exists G satisfying 
\\xi-ai\\ < c/{2NCiC^). We claim that E{S{X),A^) < c, where m = fs:(fs:(. . . (A:) . . .)) 
[N + 1 times). Indeed, any x G >S'(X) can be represented as in (5.4). Find oq G ^fc 
satisfying \\y - a^W < c\\y\\/{2NC2C^) < c/{2NC^). Then a = + Eti "^0^ G v4„„ 
and, by (5.3), 

N N N 

\\x - a\\ = \\{y + '^aiXi) - (qq + ^aiai)\\ < Cx{\\y - ao|| + ^ 

i=l i=l i=l 



Thus, E{S{X), Am) < c < 1. An application of Corollary 3.6 completes the proof. □ 
Now we concentrate on Bernstein's Inequality. 

Theorem 5.3. Let (X, {^n}) be an approximation scheme that satisfies Bernstein's In- 
equality for a certain proper suhspace Y of X. Then {X, {An}) satisfies Shapiro's Theorem. 

Proof. We show that if the approximation scheme does not satisfy Shapiro's Theorem, 
and it satisfies Bernstein's Inequality with respect to a certain space Y, then the norms 
of Y and X are equivalent. So, let us assume that {X, {An}) satisfies (5.2) for a certain 
sequence of positive real numbers (bn), and a quasi-Banach space Y continuously included 
in X. By renorming X and Y if necessary (see Section 2), we may assume the existence of 
Px,Py G (0, 1] such that: (i) for any Xi, 0:2 G X, ||xi+X2||^ < ||a;i||^ + ||x2||^, (ii) for any 
yi,y2 e Y, \\yi + y2\\^ < + IM^- Letting p = min{px,Py}, we see that, for any 

Xi,X2 G X and?/i,?/2 e Y, ||xi+a;2||^ < ||xi||^ + ||x2||x, and ||yi + t/2||y < ||l/i||y + ||z/2||y- 
For the sake of brevity, we shall denote || ■ \\x simply by || ■ ||. 

If (X, {An}) does not satisfy Shapiro's Theorem, Corollary 3.6 guarantees the existence 
of no G N for which E{S{X),AnJ < (1/2)^/^. Therefore, for any x E X, there exist 
a G AnQ and x' G X such that x = a + x', and ||a;'|| < 2~-'-/^||x||. 

Now pick X G B{X)\Y. By the above, we can find Oq G A„o and Xq G X such 
that X = flo + with ||xo|| < 2"^/^. Furthermore, we can write Xq = ai + Xi, with 
ai G Ana, and < 2"^/^. Proceeding further in the same manner, we write, for each 
m, X = ao + ai + . . . + Um + Xm, with uq, ai, . . . G An^, and ||xm|| < 2"*"/^. Note that 

CljTi "^m; heUCC ||fljn|| ^ ( 11 "^m— 1 11'^ ~l~ ll-^'mll^) ^ 3 ^^2 ^■^ . 
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Let Zm = X — Xm- As lim^ ll^^mll = 0, the sequence (z^) converges to x in the space 
X. We shall show that (z^) is a Cauchy sequence in Y. Indeed, for n > m, Zn — Zm = 
'^k=m+i'^><^- Furthermore, ||afc||y < 6„Q||afc||, for each k. Therefore, 

n n n 

\\Zn - ZmWy < ^ ^0 E H^'^H' < ^^'o E ^"^'""'^ < V^"" ' 

k=m+l k=m+l k=m+l 

As F is a subset of X, the sequence (zm) must converge to x in the space Y. This leads 
to a contradiction, since x was selected in such a way that x ^Y. □ 

As a corollary, we conclude that the property of satisfying Shapiro's Theorem is, under 
certain conditions, inherited by subspaces. 

Corollary 5.4. Suppose the approximation scheme (X, {A„}) satisfies Bernstein's in- 
equality for a proper subspace Y of X . Suppose, furthermore, that Z is another quasi- 
normed subspace of X , properly containing Y, and such that IJ-^o^" ^'^ dense in Z (in 
the topology determined by the norm of Z). Then {Z,{An}) satisfies Shapiro's Theorem. 

Section 6 contains some examples where the fact that a given approximation scheme 
satisfies Shapiro's Theorem is deduced from a Bernstein's Inequality. 

Below we introduce the so called "smoothness spaces" (or "abstract approximation 
spaces"). If (An) is an approximation scheme in X, we define, for < g < oo and 

< r < oo, 

(5.5) Al = AliX, {A4) = {xeX: jxU. = ||{(n + If-^/'^Eix, An)}\U. < oo}. 

If An + An ^ Acn for a constant c > 1, then is a quasi-Banach space [1]. It was shown 
by DeVore and Popov (see [16, Th. 9.3, p. 236]) that satisfies Bernstein's Inequality: 
I^^Uj < for all x G An- 

To apply Theorem 5.3 with y = A^, we need F to be a proper subspace of X, which 
does not always hold. For instance, suppose D is a dictionary in a Banach space X, which 
is 1/2-dense in X. Let An = T,„(T>). Clearly, An + An C A2n- By Corollary 4.3 and the 
discussion following it, E{x, An) < 2~"||a;|| for any x E X. Therefore, A^^ = X for any q, r 
(with equivalent norms). 

On the other hand, there are many classical results in Approximation Theory devoted 
to the characterization of the approximation spaces A^ as smoothness spaces of functions 
(Besov, etc.), and these are always proper subspaces of the ground space X. In this setting, 
one can apply Theorem 5.3 to show that the corresponding approximation scheme satisfies 
Shapiro's Theorem. The same applies to the situation when X is a space of operators, 
and membership in refiects the "degree of compactness" (see e.g. [44]). 

Below, we show that the spaces form a scale of subspaces of X if the approximation 
scheme (An) satisfies Shapiro's Theorem. We also present other results on the spaces A^. 

Corollary 5.5. Let {X, {An}) be an approximation scheme such that An + An Acn for 
a certain constant c > 1 . Then the following are equivalent: 
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(a) {X, {An}) satisfies Bernstein's Inequality for some proper subspace Y of X. 

(b) {X,{An}) satisfies Shapiro's theorem. 

(c) For every r > there exists x G X such that E{x, A^) 7^ 0{n~^). 

(d) For a certain r > 0, there exists x E X such that E{x, An) 7^ 0(?7,~''). 

(e) For any q e (0, 00] and r e (0, 00), A^ is a proper subspace of X. 
(/) For some q G (0, 00] and r G (0, 00), is a proper subspace of X . 

Moreover, if any of these conditions is satisfied, then for every q,r > 0, is an infinite 
codimensional subspace of X. 

Proof. The implication (a) ^ (6) is a reformulation of Theorem 5.3. (6) ^ (c) ^ {d) and 
(c) ^ (e) ^ (/) are trivial. 

{d) =^ (a): If E{x,An) 7^ 0{n~^) for some x E X and r > 0, then x ^ A^^. Then 
A'^ is strictly contained in X, and (X, {^n}) satisfies Bernstein's inequality for Y = A^. 
Theorem 5.3 yields (a). 

(/) =^ (c): consider x G X\yl^. By (5.5), x ^ for any s > r. 

The last claim follows from the fact that (An) satisfies Jackson's inequality (5.1) with 
Y = A^, and Proposition 5.2. □ 

To further investigate abstract approximation spaces, denote by the closure of 
[J'^=Q An in Ag. Clearly, B^ is a closed subspace of A^ (with the same norm). If 
An + An C Acn with somc c, the results of [4, Section 3] imply that 5^ = for < g < 00, 
and that 5^ = {x G A';^ : lim„^oo(^i + l)''E{x, An) = 0}. 

Proposition 5.6. Suppose the approximation scheme {X,{An}) satisfies Shapiro's The- 
orem, and An + An C Acn for some c. Then {B'^,{An}) satisfies Shapiro's Theorem. 
Consequently, y4^+^(X, {^n}) is an infinite codimensional subspace of A[^{X, {An}) for all 
e > 0, all < q < 00 and all < r,u < 00. 

Proof. A small modification of the proof of (a) =^ [b) in Theorem 2.2 shows that there 
exists a constant C > 1 and a sequence {xn}n&No (where No C N is an infinite sequence) 
such that E{xn, An) < CE{xn, AK2(^n)) for all n G Nq. By the density of An in X, we 
can find another sequence {an}neNo C |J,„ A„ C B^ such that E{an, An) < CE{an, A^^^n)) 
for all n G Nq. Hence for every n G No and m G {n, n+1, ■ ■ ■ , K'^{n)} we have E{an, Am) < 
E{an,An) < CE{an, Ax2(n))- Furthermore, by Lemma 3.16 from [1], there exist A, B > 
(depending only on X and the parameters q,r) such that, for every n G N, 



A 



{{k + 1)'' ''E(a„,,v4max{fc,E'(n)})} < E{an,An)Ar< B {{k+1)'' ''E(an, Amax{fc,n})} 



Therefore, 



E{an,An)Br < B 



{{k + iy ''E(a„, Amax{fc,n})} 
E{an, AK(n))B'„ > A {{k + 1)' «-E(a„, y4j„ax{fc,ii-2(n)})} 
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It follows that 



E{an,Ar,)Br < B 



{{k + iy ''^(a„,y4max{fc,n})} 



K^{n) oo 
\ k=0 k=K^{n)+l 

By Theorem 2.2(b) =^ (a), {B^, {An}) satisfies Shapiro's Theorem. 

To prove the second part of our proposition, recall the reiteration theorem: if an ap- 
proximation scheme satisfies A^ + A^ C A^n for a certain constant c, then 

{An}), {An}) = {An}) 

(this is proved in [11] for the particular case of An + A^ C An+m, and in [1, Example 
3.36] in full generality). Hence, 

{An}) = A^.iKiX, {An}), {An}) = A^A^, {An}). 

As M < OO, the first part of our proposition shows that (AJ^, {An}) satisfies Shapiro's Theo- 
rem. By Corollary 5.5, ^^(A^, {An}) is an infinite codimensional subspace of Al^{X, {An}). 

□ 



Finally, another consequence of Theorem 5.3 is the following 

Corollary 5.7. Suppose {X,{An}) is an approximation scheme, such that, for every 
n E N, An + An Acn (c > 1 is independent of n), and An is boundedly compact in X 
(that is, any bounded subset of An is relatively compact in X). Then {X,{An}) satisfies 
Shapiro's Theorem. 

Proof. If each An is boundedly compact in X then for every r > the natural inclusion 
X is a compact operator (see [4, Theor. 3.32]). In particular, A^ is strictly 
contained in X, and we can apply Theorem 5.3 with Y = A^^. □ 



6. Examples of schemes satisfying Shapiro's Theorem 

In this section, we present a collection of examples of approximation schemes satisfying 
Shapiro's Theorem. The main tools involved are (i) Property (P), (ii) Bernstein's Inequal- 
ity and (iii) the characterization of approximation schemes satisfying Shapiro's Theorem 
given in Corollary 3.6. Many examples involve the order of the best n-term approximation 
with respect to a dictionary. 
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6.1. Biorthogonal systems and their generalizations. Suppose X is a quasi-Banach 
space, I is an infinite index set, and (Xj)jg/ are non-trivial subspaces of X. We say 
tfiat {Xi) form a complete minimal hounded decomposition of X {CMBD, for short) if 
X = span[Xj : z G /], and, for every i E I, there exists x & Xi such that E{x, span[Xj : 
i 7^ i]) > c\\x\\ (c > is independent of i). 

A CMBD can be regarded as a generalization of a complete minimal system. Recall 
that a family (xi)ig/ in a Banach space X is called minimal if, for any i E I, Xi doesn't 
belong to the closure of span[xj : j G A minimal system is called complete if 

span[xi : z G /] is dense in X. It is easy to see that a minimal system gives rise to a 
biorthogonal system (xj, /j), where Xi E X, fi E X*, and {fi,Xj) = 6ij (Kronecker's delta). 
A biorthogonal system is bounded if supj < oo. 

It is easy to see that, if (xj, fi) is a bounded complete biorthogonal system, then the 
family of spaces Xi = span[xj] forms a CMDB. It is known that every separable Banach 
space has a complete bounded biorthogonal system {xi, fi)i(zi such that flig/ker/j = 
{0} [24, Theorem 1.27]. Certain non-separable spaces also possess complete bounded 
biorthogonal systems (see e.g. Sections 4.2 and 5.2 of [24]). 

In addition to biorthogonal systems, CMBDs arise when one considers a dictionary 
consisting of two or more bases, possessing certain "mutual coherence." Several examples 
can be found in Section 4 of [23]. For instance, the union of Haar and Walsh bases works 
very nicely. 

The following two theorems show that the approximation schemes arising from CMBDs 
or biorthogonal systems have Property (P). Furthermore, as the approximation schemes 
described there satisfy An + An G A2n, both schemes satisfy Shapiro' Theorem. 

Theorem 6.1. Consider a quasi-Banach space X such that, for a certain fixed p > and 
for any xi, . . . ,Xm G X, 

Iki + . . . + < c^dlxiir + . . . + ||x„ir). 

Suppose (Xj)jg/ is a complete minimal bounded decomposition of X , with E{x,span[Xj : 
j 7^ ^]) > for any i E I, and x E Xi. Suppose, furthermore, that E is a finite 

dimensional subspace of X , and an approximation scheme (An) is defined by setting, for 
nEN, 

An = E + UFci,\F\<nSpan[Xi -AeF]. 

Then the approximation scheme (An) has Property (P), and consequently, satisfies Shapiro's 
Theorem. 

Theorem 6.2. For a complete minimal system {xi)i^i in a Banach space X , consider 
the approximation scheme An = {Yliep'^'i'-'^i • l-^l ^ '^l ^ Then for every 

n there exists a norm 1 y E X such that (in the above notation) E{y, An-i) > l/{2n). 
Consequently, the approximation scheme (An) satisfies Shapiro's Theorem. 

To prove Theorem 6.1, we need 
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Lemma 6.3. Suppose Y is a subspace of a quasi-Banach space X , with Y C. X . Then 
for every 5 > there exists w & X such that \\w\\ < 1, and dist{w, Y) > 1 — e. 

Proof. Take x E X \ Y. Then d = E{x, Y) > 0, and there exists yo E Y such that 
d < \\x — yoW < -jz^d. Set z = x — yo and w = z/\\z\\ G S{X). Then 

ll^-^ll = II ^ - (yo + y\\4)\\ > II ^ u E{x,Y) > (l-e) 

for any y eY. □ 

Proof of Theorem 6.1. For i E I, denote hj Pi : X X hj setting PjX = x ii x E Xi, and 
PiX = if a; G span[Xj : j G Then Cq = supj ||-Pj|| is finite. Let m = dimE + 1. 

We shall find y G X such that \\y\\ < 1, and E{y,An-i) > {2C'^Com^/Pn^/P)-\ 

To this end fix disjoint subsets Si, . . . , Sn G /, of cardinality m each. For 1 < k < n, 
set Yfc = span[Xj : i G Sk]- Then Qk = J^ieSk^^ ^ projection onto Yk, satisfying 
QfcSpan[Xj : i ^ S^] = 0. By the assumptions about X, ||Qfc|| < C{J2i,zSf^ WPiW^Y^^ = 
CCom^^P. Moreover, for each k, diraQk{E) < m, while diniYfc > m. By Lemma 6.3, 
there exists a norm one yk G Y^ such that E{yk, Qk{E)) > 1/2. 

Now consider y = (yi + . . . + yn) / {Cn^^P). Clearly, ||y|| < 1. It remains to show 
that, for any e E E, any F C / of cardinality not exceeding n — 1, any family of scalars 
{ai)i£F, and any family Xj G Xj (once again, i E F), we have \\y — (e + J2ieF^i^i)\\ — 
{2C^Com^/Pn^/p)-\ Find k such that 5fe n F = 0. Then 

IIQfclllb- {e + ^aiXi)\\ > \\Qk{y- {e + ^aiXi))\\ 

ieF ieF 

= WQky - QkcW > ^^E{yk, Qk{E)) > ^ 



We complete the proof by recalling that ||Qfc|| < CCQm^/P. □ 

The following lemma (necessary for the proof of Theorem 6.2) may be known to experts, 
although we couldn't find its statement anywhere. Throughout, we use S{X) and B{X) 
to denote the unit sphere, respectively the closed unit ball, of X. 

Lemma 6.4. Suppose X is a Banach space, E is a weak*-closed subspace of X** , and 
Z is a subspace of X , such that dimX/Z < oo, and dimX**/£' > dimX/Z (E can be 
of finite or infinite codimension) . Then for every c < 1 there exists x E S{Z) such that 
dist{x, E)x" > c. 

Proof. Suppose, for the sake contradiction, that the statement of the lemma is false. 
Then there exists c G (0,1) with the property that, for every x E B{Z), there exists 
e E E such that ||x — e\\x** < c. By the triangle inequality, HeH^** < 1 + c, hence 
B{Z) C (1 + c)B{E) + cB{X**). The set on the right is weak* closed (even weak* 
compact). Taking the weak* closure of the left hand side, we obtain 

(6.1) B{Z^^) C {l + c)B{E) + cB{X**) 
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Let W = Z^^ n -E, and consider the quotient map q : X** — )■ X** jW . This map takes 
Z^^ and E \,o Z' = Z^^ jW and E' = E/W, respectively. Then dimi?' < oo, and 
dimZ' > dim£". By the well-known result by Krasnoselskii, Krein, and Milman (see 
e.g. [24, Lemma 1.19]), there exists z' G Z' such that c < dist{z' , E')x**/w = < 
1. Find z G Z-^-^ such that < 1, and q{z) = z'. For every e G -E, we then have 
11^ — > \\(l{z — e)\\x"/w > dist{z' , E')x"/w > c, which contradicts (6.1). □ 

Proof of Theorem 6.2. By Hahn-Banach Theorem, there exist linear functionals fi G X*, 
satisfying (a;^, fj) = 6ij for i,j G /. Throughout the proof, we consider the functionals fi 
as acting on X**, and their kernels ker/j as subsets of X**. We also identify X with its 
canonical image in X**. 

We shall construct a sequence of finite disjoint sets Sj C / such that for any j there exists 
a norm 1 yj G span[xj : i G Sj] with the property that E{yj,spSLn[xi : i ^ 5*^]) > 1/2. 
Once this is done, let y = (yi + . . . + yn)/n. Clearly ||y|| < 1. It remains to show that 
\\y — ^i^pOtiXi\\ > l/(2n) for any F C / of cardinality less than n. As the sets Sj are 
disjoint, there exists j such that Sj H E = 0. Then 



\y 



n n 

ieF k^j i€F 



We construct the sets Sj and vectors yj inductively. Let 5*0 = 0. Suppose the sets Sj 
have already been obtained for all j < m — 1 (m G N). Let us construct S^ and ym- 
Let T = Uj<m,S'j. Introduce the spaces Eq = fljg/ker/j X**, and -Et = span[a;j : i G 
T] X. Define the projection Qt from X** onto Et by setting Qtx = J2ieT{fi^^)^i- 
Clearly, Eq is weak* closed, and E^ is weak* closed due to being finite dimensional. As 
Eo C ker Qr, we conclude that E = Eq + Et is also weak* closed. Note that the set (fi) 
is linearly independent, hence dimX**/EQ = oo. 

Now set Z = X n (riigTker/j). As dimX/Z < oo. Lemma 6.4 implies the existence of 
z G B{Z) satisfying dist{z, E)x" > 5/6. As span[a;i : z G /] is dense in X, there exists 
Zi G S'(span[a;i : z G /]) such that ||2; — < 1/(12||(5t||), and dist{zi, E)x" > 5/6. Let 
Z2 = zi — QtZi- Then 

\\z2-zi\\ = wqtziW = ||Qt(^i-^)|| < iigTlllki-^ll < 1/12, 

hence ||z2|| < 13/12, and dist{z2, E)x" > 5/6 — 1/12 = 3/4. Letting y = Z2/\\z2\\, we 
conclude that dist{y, E)x** > 2/3. 

By our construction, there exists a finite set S C I\T such that y G span[a;j : z G S*]. 
Let /' = I\(T U S) , and show that there exists a finite set E G I' such that 

E{y, span[x, : z G T U (/'\F)]) > 2/3. 

Once such a set is found, then we can take ym = y, and Sm. = S U E. 

Suppose otherwise. Then, for every F as above, there exists yp G span[xj : z G T U 
(/'\F)], satisfying |||/ — ?/^|| < 2/3. Observe that the set J-'{I') of finite subsets of /' forms 
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a net, ordered by inclusion. More precisely, for Fi, F2 G J^{I'), we say Fi -< F2 if Fi C F2. 
For any -Fi, F2 G J^{I'), there exists F3 G J^{I') such that Fi -< F3 and F2 -< F3 (in fact, we 
can take F3 = Fi UF2). By the triangle inequality, = WvfW < 5/3 for each F. As 

the unit ball of X** is weak*-compact, there exits a subnet A of J^{I') such that the net 
(?/F)Fe^ converges weak* to some x G X**. Then |||/ — < supp. Hy — < 2/3. Note 
that, for any j E F U S, {fj, yp) = 0. Moreover, for every F G J^{I'), there exists G E A 
containing F. Therefore, {fj,x) = for any j G /' U S = I\T. Then — Qtx) = 

for any j G /, hence x — Qtx G -Eq; and therefore, x E E. This, however, contradicts 



As an application, consider a compact set K G C, such that Q = lnt{K) is a Jordan 
domain, and C = dK is a rectifiable Jordan curve. Define the family of Faber polynomials 
{Fn{z)}^^Q, associated with K. Let be the Riemann mapping function defined from 
C \ 1 onto C\K. Then 



These polynomials play a main role in complex approximation theory, so the dictionary 
V = {-FnjJ^o interest (see [51], [15] for more information on Faber polynomials). 

Corollary 6.5. Let K be a closed Jordan domain of bounded boundary rotation, such that 
the boundary C = dK has no external cusps. Let T) = {-F„,}J^o, where Fn{z) denotes the 
n-th Faber polynomial associated to K . Then T) satisfies Shapiro's theorem on A{K). 

Proof. We show that, for K as in the statement of the theorem, the Faber polynomials 
form a complete minimal system in A[K). An application of Theorem 6.2 completes the 
proof. 

On K = 3, the Faber polynomials are the monomials {en{z) = z""). It is well 
known that span[e„ : n > 0] is dense in y4(D). Moreover, the functionals / t— t- f{n) are 
biorthogonal to the e„'s. In the general case, by [22, Chapter 1, Section C], there exists 
a bounded injective operator T : A{D) — )■ A{K), such that Te„ = F„ for any n > 0. By 
[5], the range of T coincides with A{K), and ||T~^|| < 00. As an isomorphic image of a 
complete minimal system is again a complete minimal system, we are done. □ 

6.2. Generalized Haar schemes. In this section we introduce and investigate the class 
of generalized Haar families in spaces of functions (numerous examples will be given 
below). Suppose, for each n, An is a set of continuous functions on Q. We say that the 
family {A^} is generalized Haar if there exists a function ip = ip{A„} : N — N such that no 
non-zero function of the form {g G An) has more than ip{n) — 1 zeroes on Q. Finally, 
the approximation scheme {X, {An}) is named "generalized Haar" if {An} is a generalized 
Haar system. 



dist{y,E)x** > 2/3. 



□ 
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Very often, we consider the approximation schemes arising from dictionaries (see (4.1) 
for the definition). We say that a dictionary P is a generalized Haar system if the family 
{E„(X')} is Haar. 

In the four examples below, we exhibit some generalized Haar dictionaries. The space 
X is either C{[a, b]), or Lp{a, h) (0 < p < cxo), and tpiji) = n. 

(1) The dictionary P, consisting of the functions f\{t) = {X E M) on an interval 
[a, b] with < a < b. Indeed, these functions form a generalized Haar system [9, 
Section 3.1]. As polynomials are dense in C{[a,b]), span['D] is dense in X. 

(2) The dictionary V, consisting of functions fk{t) = (/c G N U {0}) on arbitrary 
[a, 6]. Indeed, the family [fk) forms a generalized Haar system on subintervals of 
(0,oo), and of (— oo,0). 

(3) The dictionary consisting of functions f\{t) = exp(At) (A G M), with arbitrary 
[a, b]. In this case, the density of span[P] in C{[a, b]) can be deduced, for instance, 
from Stone- Weierstrass Theorem. Furthermore, P is a generalized Haar system, 
by [9, Chapter 3]. 

(4) The dictionary V, consisting of functions fk{t) = on M. Consider a weight 
W - that is, an Li function W : M. ^ [0; !]• Consider the measure /i, defined by 
f^{E) = W{x) dx. Take X to be either Lp(/i) (1 < p < oo), or a set of continuous 
functions / on M satisfying lim(_^oo /(^)W^('^) = 0. For certain weights W , span[I?] 
is known to be dense in X. For instance, this is true for W{x) = exp(— |a;|"), for 
any a > 1. See [35] for this and other results on the density of polynomials in the 
weighted spaces X. 

Moreover, the sets of trigonometric functions 

Tn = span[{l, cos(t), sin(t), ■ ■ ■ , cos(nt), sin(nt)}] 

define a Haar system on [0,27r). A somewhat more complicated example of generalized 
Haar system involves rational functions. For f2 C C, denote by Rn{^) the set of all rational 
functions p{z)/q{z), where the polynomials p{z) = J2k=o'^kZ^ ^^'^ ^(^) ~ J2k=o^kZ^ 
have complex coefficients and degree < n, such that q{z) doesn't vanish in Q. We also 
consider the set En{^) of trigonometric rational functions of degree less than n, consisting 
of functions t i— )■ p(e**)/g(e**), where p{z) = Y^^=-n^kZ^ ^"^^ l(^) ~ Ylk=-n^kZ^ ^ 
q{z) ^ for all z eVL. 

Proposition 6.6. // 1] C M, then {-R„(r2)} is a generalized Haar system. Moreover, if 
Q C d3 = T then {En{Q)} is a generalized Haar family. 

Proof. We handle {Rn{^)} first. If g = p/q E -R„(r2), thenp = 3ftp+(3p)z, q = 3ftg+(53g)z, 
and 3fJp, 3fJg, '^p, 3g are polynomials of degree < n. Hence ^g = ^ (^) ~ Es^S+^E:^^ As 
t ^p{t)^q{t) + Qp{t)'^q(t) is a polynomial of degree not exceeding 2n, ^g must vanish 
if it has more than 2n zeroes. 
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Now consider g = p/q G -En(^), with Q C 9©. Then p{t) = Yl,\j\<n^i^''^^ ^i^) 
E|j|<n^ie^*^ and 

(6-2) «« = |£^- 

SO that 




^g{t) = ^ I (^klo^k-nz'){j:>:=oh-nZ , ^^^^ ^ ^ ^ | = e 

|Z^A;=0 "fc-'^^ I 

Representing Ck = + (afc, G M), we see that the zeroes of 3^(7 (t) are the zeroes of 

E 

fc=-2r 

(2n 
(ttfc + if3k){cos{kt) +isin{kt)) 
k=-2n 

2n 

= E^ (ofc cos(H) — /Sfc sin(H)) 




-2n 



2n 



= tto + 2^((afc + a-k) cos(H) + - jSk) sin(H)). 
fc=i 

Thus, X G 72n, and we are done, since {Tn}'^=i is a Haar family. □ 

The next result shows that "many" generalized Haar approximation schemes satisfy 
Shapiro's Theorem. Below, Co{I) denotes the closure of continuous functions with com- 
pact support in the || ■ ||oo norm. In particular, C{I) = Cq{I) if / is a compact set. 

Theorem 6.7. Suppose I is either a finite or infinite interval in M, or the unit circle 
T. Suppose, furthermore, that /.i is a finite atomless Radon measure on I , and X is a 
quasi-Banach space of functions on I, satisfying Lp{fi) ^ X D Cq{I) with some p > 0. 
Then any generalized Haar approximation scheme {X, {An}) satisfies Shapiro's Theorem. 

Proof. Without loss of generality, we can assume /i(J) = 1, and J\f\^d^ < \\f\\x for 
any / G X. By Closed Graph Theorem, there exists a constant C such that, for any 
/ G Co(/), we have ||/||x < 

For every n G N, we find a continuous function h : I ^ [—1,1] with compact support, 
such that ||/i||oo = 1; and J \h — g\^ dfi > 1/5 for any g G An- Indeed, if such an h exists, 
then \\C~^h\\x < 1 and E{C~^h,An)x > 1/(5C)Vp. By Corollary 3.6, satisfies 
Shapiro's Theorem in X. 

As the measure fi is Radon, 1 = /i(J) = sup{/i([a, /?]) : [a, f3] C /}. Pick a < f3 in I 
such that A = > 4/5. Let = ip{n) + 1. Set to = a, t^N = As the map 

s I—)- /i((a, s)) is continuous, we can find to < < • • • < im such that, for 1 < j < 4?7,, 
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tj)) = Aj (4A^) > 1/(5A^). Recall that, for any a < b, fj.{{a, b)) is the supremum of 
/ pdfi, taken over all non-negative continuous functions p, supported on (a, 6), and such 
that IIpIIoo < 1- So, for 1 < j < 4A^, we can find continuous /i^ : R — t- [0, 1], supported on 
such that ^ hj dfi > 1/{5N). 

We shall show that h = X]^=i(~'-'-)''^j^^ satisfies J \h — g\^ djj, > 1/5 for any g E 
An- As the function h defined above is real- valued, it suffices to prove the inequality 
J \h — ^g\P dfi > 1/5. If ^g is identically 0, the desired inequality follows from the 
definition of h. Otherwise, denote by S the set of points where ^g changes sign. As 
\S\ < N, the set J-" = {1 < /c < 2N : (t2fc-27^2fc) H 5 = 0} has the cardinality larger than 
N. Note that, for k e J^, /^*''^^ \h - ^g\P dp > 1/(5A^). Indeed, if ^ < on (^2^-2,^2*;), 
then 

rt2k rhk /■*2fe 

/ \h-g\Pdfx> / \h-^gfdix> / h2kdfi>—. 

Jt2k-2 Jt2k-1 Jt2k~l 

The case of (7 > is handled similarly. Thus, 

^ rt2k Y 1 

\h-g\Pdfi>y2 \h - g\P dfi > \J^\ ■ — > -, 

completing the proof. □ 

A similar result holds in the analytic case. Below, A and Hp refer to the disk algebra 
and to the Hardy space, respectively. 

Proposition 6.8. Suppose X is a quasi-normed space of analytic functions on T, such 
that A d X C. Hp for some p > 0. Suppose (X, {v4„}) is a generalized Haar approximation 
scheme. Then (X, {y4„}) satisfies Shapiro's Theorem. 

Sketch of the proof. We identify T with [0,1]. Let N = ip{n), and consider h{t) = 
—iexp{47TNit). As in the proof of the previous theorem, it suffices to show that, for 
any g E A„, \^h{t) - ^g{t)\Pdt > c/4, where c = \ smu\Pdu. Note that ^h{t) = 
sin(47r7Vt). For < j < 4iV, set tj = j/{4:N). Then f^'_^ \m\P = c/(4iV) for any j. If ^g 
is identically 0, then 

/•I 4W rtj 

/ \m-^g\pdt = J2 / WP = c. 

Otherwise, denote by J-" the set of all /c G {1, . . . ,2N} such that ^g doesn't vanish on 
(^2fc-25 ^2fc)- As \ J^\ < N, We complete the proof as in Theorem 6.7. □ 

Another interesting Banach space is C-BVo(a,6) = {/ G C{[a,b]) : /(a) = 0,V[a,b]{f) < 
00}, equipped with the norm H/Usy = Vja_b](/) (here V[a,b]{f) denotes the total variation 
of/). 

Theorem 6.9. Let V be a dictionary on CBVo{a,b) . Suppose T> C C^{[a^b]), and V = 
{g' : g G V} is a generalized Haar system on [a,b]. Then V satisfies Shapiro's Theorem 
m CBVo{a,b). 
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Proof. We work with the case of [a, b] = [0, 27r]. By Corollary 3.6, we only need to prove 
that 

sup E(/,E„(P))>- forn = 0,l,2,--- . 

\\f\\BV=l 

Let iV = 6^/^(n), and consider /(t) = (1-cos iVt)/(4iV). Then = J^"" \ sin Nt\ dt = 

1. We show that, for any g G 

f.27r 



\\f - 9\\bv > \f'{t) -wmt>^. 



For such a g, define J-" as the set of all ^ G {1, . . . , A^} with the property that ^g' does not 
change sign on (27r(£ - l)/N,27Ti/N). Note that \J^\ > N - i){n) = 5N/6. Furthermore, 
/' is positive on {2n{i - 1)/N, 7r{2i - 1)/N), and negative on {7i{2i - 1)/N, 27r£/N). One 
one of these two intervals, \ f'\ > \ f' — ^g\. Furthermore, 

/ \r\dt= \m = ^- 

J2-kU-1)IN Jn(2e-1)/N 



Thus, for £ G J^, 



and therefore, 



i2TT{e-l)/N Jn{2e-1)/N 

r 1-21^1 IN 
27r(£-l)/Ar 



/ \f-'^9'\dt>—, 



11/ - 9\\bv > / \rit) - ^g\t)\dt \r- ^g'\ dt>—- — >-. 

Jo tiJ2M-i)/N 27V 6 3 



2-k{£-1)/N 

□ 

6.3. Approximation by rational functions. The problem of describing the possible 
sequences of best rational approximations for a given function dates back at least to 
E. Dolzhenko [19]. Certain Bernstein- type results have been obtained for approximations 
in the uniform norm. For instance, if £i > £2 > • • • and lime^ = 0, then there exists 
/ G C{T) such that E{f, Em{T))c{T) = £m for every m [19] (see also [37, 42] for related 
results). Evidence suggests that the condition that the sequence {em} is strictly increasing 
can be weakened. By [50], for every sequence {e^} \ there exists / G C[0, 1] such that 
i?2'"-i([0, l]))c[o,i] = for every m. On the other hand, Bernstein's Lethargy 
Theorem cannot be perfectly replicated for rational approximation in Lp-. by [28], for any 
/ G Lp(0,l), the sequence E{f,Rm{[0,l]))Lp is either strictly decreasing, or eventually 
null. 

This section attempts to (partially) answer Dolzhenko's question by proving Shapiro's 
Theorem for rational approximations in a variety of function spaces. 

Theorem 6.10. Take < p < 00. The following approximation schemes satisfy Shapiro's 
Theorem: 

■X 



[1) (X, {Rn{I)}), where I is a real interval and Co{I) C X C Lp{I), and Co{I) = X 
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(2) {X, {En{I)}), where is a real interval and Cq{I) C X C Lp{I), and Cq{I) = X. 

(3) (X, {EniT)}), where C{T) CX C Lp{T), and C{Tf = X. 

(4) (X, {Rn{dB)}), where C X C Lp(9D), and C{dBf = X. 

(5) (X, {i?„(D)}), where A C X C Hp, and = X. 

Proof. We start noting that the densities Co(/) = X, C{T) = X and A = X are 
assumed to guarantee that, if our approximation scheme (An) is dense, for example, in 
Co(/) then it is also dense in X. To prove this, take x G X, e > arbitrarily small and 
C > such that ||- ||x < C*!! 'Hoo- Look for / G Co{I) such that ||a;— /||^ < | and a G |J„ An, 
such that Wf-aWl, < ^. Then ||x-a||^ < ||x - /||^ + ||/ - a||^ < | + C^||/-ar^ < e. 

Now (1), (2) and (3) are direct consequences of Proposition 6.6 and Theorem 6.7. 

To deduce (4) from (3), consider a map U, taking a function / : dD — )■ C to / : T — )• C, 
where f{t) = /(e**). Clearly, U is an isometry from C(9D) onto C(T), and from Lp(c5D) 
onto Lp{T). Hence it is clear that U maps the space X isometrically onto a space Y which 
satisfies C(T) C F C Lp(T). Moreover, the equality (6.2) implies that U maps i?2n(<9D) 
onto En{T). 

To establish (5), note that the elements of A or Hp are uniquely determined by their 
restrictions to d3 (see e.g. Appendix 3 of [•:> i]). Thus, we identify our functions on D 
with functions on d3. The density of □„/?„(©) in X follows from the proof of Theorem 
1.5.2 of [•■>]] and the density of A in X. Identifying 83 with T, we complete the proof by 
applying Proposition 6.8. □ 

Corollary 6.11. Suppose X is either C(]R) (the set of continuous functions / on M for 
which limj_j.+oo f{t) o^nd lim^^^oo fif) exist and are equal), or Lp(W, M), where < p < oo, 
and the weight W is given by W{x) = 2/(1 + x^). For n G N, denote by -Rn(K) ihe set 
of rational functions p/q, where degp < degg < n, and q has no real roots. Then the 
approximation scheme (X, {i?„(R)}) satisfies Shapiro's Theorem. 

Proof. In this proof, we use some ideas of [31, Section 1.5]. As before, identify T with 
[— TT, tt]. Consider the map $ : T — ?■ M : t i— )■ tan(t/2) (— vr ~ vr is taken to oo). The map 
t/$ : / / o $ is then an isometry from Y onto X, where Y is either C{T) or Lp{T). 

Denote by -R^(M) the set of all functions p/q & -Rn(K) for which all the roots of q are 
distinct. Similarly, let E'^iT) the set of all functions p/q & -E'„(T) for which all the roots 
of q are distinct. A small perturbation argument shows that -R^(M) (_E'^(T)) is dense in 
i?„(l) (resp. EJJ)). 

Any / G -R^(IR) can be written as / = a^l + X]j=i (^j9cji with m < n. Here, l(x) = 1, 
and gc{x) = (1 — ix)/{x — c) (c ^ M). By formula (5.13) of [3 1], gc o ^ = afz, where 
z = {i — c)/{i + c), a is a numerical constant, depending on z, and fz{t) = l/(e** — z). 
Thus, $ implements a 1 — 1 correspondence between -R^(M) and £'^(T). 

It is established in [34, Section 1.5] that {Y,{E'^{T)}) is an approximation scheme. 
By Proposition 6.10, {X,{E'^(T)}) satisfies Shapiro's Theorem. As Uq, is an isometry. 
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{X, {i?^(M)}) is also an approximation scheme, satisfying Shapiro's Theorem. The density 
of in i?„(l) completes the proof. □ 

Remark 6.12. Below we outline some alternative approaches to the results of The- 
orem 6.10. For instance, one can show that (C([a, 6]), {i?„([a, 6])}) satisfies Shapiro's 
Theorem, one can use a Bernstein- type inequality due to Dolzhenko [18]: the total vari- 
ation of / G Rn{[a,b]) satisfies V[,,,](/) = £\f'{t)\dt < 2n\\f\\ 

c{[a,b])- The space of 

continuous functions of bounded variation Y = CBV[a,b], equipped with the norm 
WflW = ||/||c[a,b] + V[a,b]{f) < oo, is a proper dense linear subspace of C{[a,b]). An 
application of Bernstein's Inequality (Theorem 5.3) to || ■ ||y completes the proof. 

For Lp{a, b), {1 < p < oo), we may use a result by Pekarskii [11] (see also Theorem 1.1 
in [34, page 300]): for /c = 1, 2, ■ ■ ■ , 1 < p < oo, and 7 = (r + -)~\ the approximation 
scheme (/?„([— 1, 1])) satisfies a Bernstein-style inequality: 

< C{p, A:)ni/|U^(„i,i) (/ G i2„([-l, 1])), n = 1, 2, ■ ■ ■ . 

Hence we can use Theorem 5.3 for (Lp(— 1, 1), {i?„([— 1, 1])}) with y = {/ G Lp(— 1, 1) : 
/(^) G L,(-l,l)} (with the norm ||/|| = ||/||^ + ||^^(„i^,)). 

One can also tackle Lp by using the strong relation between rational approximation and 
approximation by spline functions with free knots. By Theorem 6.8 from [31, page 340], 
for 1 < p < 00, < g < 00 and < a < r, the approximation spaces M^^ = {/ G Lp{0, 1) : 
{n°4E(/,i?„(0,l))iJ G Q and 8°^ = {/ G Lp{0,l) : ^-^^(7, 5„,,(0, 1))^^ G Q 
are the same (with equivalent norms). Theorem 6.13 below guarantees that Mpg^ = 
§p 00 is a strict subset of Lp{0, 1). Hence there exists a function / G Lp{0, 1) such that 
E{f,Rn{0, 1))lp 7^ 0(n~^) and the result follows from Corollary 5.5. 

We next sketch an argument showing that (C(9D), {_R„((9D)}J^q) satisfies Shapiro's 
Theorem. That is, by Corollary 3.6, we have to find / G C{d3) such that the sequence 
E{f, Rn{dlD))) > an, for a prescribed sequence \ 0. Having already shown that 

(C([0, 1]), {i?„([0, 1])}) satisfies Shapiro's Theorem, we conclude that there exists h G 
C([0, 1]) such that E{h, Rn{[0, 1])) > a„, for every n. Extend h to a. bounded continuous 
function g on M, for which limj^+oo fi'(^) = ^i^t->-oo g{t) exist and are equal. Clearly, 
E[g, Rn{^)) > E{h, Rn{[0,l])) > an for every n. Finally, consider the linear fractional 
transformation w{t) = ■|yi^|^+(7+T)' ' mapping M onto dB). Define f = g o G C(9D). 
Note that R G i?„(M) if and only if Ro w'^ G i?„(9D). Therefore, 

E{f, Rn{T))c(dm = E{f o w, i?„(M))c(R) > E{h, i?„([0, l]))c[0,l] > «n 

for every n. We conclude that {C {83) , {Rn{d3)}) satisfies Shapiro's Theorem. To de- 
duce from this that (C(T), {£'„(T)}^q) satisfies Shapiro's Theorem, observe that (6.2) 
guarantees that E{f, En{T))c(T) = E{f, R2n{dB))c{do)- 

6.4. Approximation by splines. In this subsection, we show that some "very redun- 
dant" approximation systems based on splines satisfy Shapiro's Theorem. Let us denote 
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by Sn,r{I) the set of polynomial splines of degree less than r with n free knots (nodes) on 
the interval /. For any pair of sequences < ri < r2 < . . . and 1 < ni < n2 < ■ ■ ■ the sets 
Ai = Sn.i,ri{[ci',b]) form an approximation scheme in C[a, 6] or Lp{a,b), with 1 < p < oo 
(in the case of C[a, b], we assume that the splines in question are continuous). 

Theorem 6.13. The approximation scheme defined above (either in C{[a,b]), or in 
Lp{a, b), for < p < oo) satisfies Shapiro's Theorem. 

Proof. The case of C{[a,b]) follows from [2, Theorem 3.1]. When working with Lp{a,b) 
{0 < p < oo), assume with no loss of generality that [a,b] = [0, 1]. For a fixed r G N, 
consider the approximation scheme {Lp{0,l), {Bn,r}'^=i), where Bn^r = Sn,r{[0,l])- Pick 
< a < min{r, 1/p}, and find t > satisfying 1/t = a + 1/p. By Theorem 8.2 of [16, 
page 386], a Bernstein's inequality holds: 

(6.3) II/IIb? (L.(o,i)) < Cn°||/|U,(o,i) (/ e B^,r),n = 1, 2, ■ ■ ■ . 

Here, B^{Lp{Q)) denotes the classical Besov space on [0, 1] (defined using the modulus 
of smoothness Wr{f,t)p). By [:■:■, Corollary 3.1], i?f (Lf(0, 1)) embeds into the classical 
Lorentz space Lpt{0, 1). Furthermore, as t < p, Lp^t embeds into Lpp = Lp (see e.g. [10, 
Theorem 1.9.9]). It is easy to show that the last embedding is proper. By Theorem 5.3, 
the approximation scheme (Lp(0, 1), {Bn,r}'^=i) satisfies Shapiro's Theorem. We complete 
the proof by applying Corollary 3.8. □ 

6.5. n-term approximation. In this section we study Shapiro's Theorem for n-term 
approximation. More precisely, suppose "D is a dictionary, and {T,n{T>) is the associ- 
ated approximation scheme (defined in (4.1)). Then E„(D) + T,n(T>) = T,2n{1^), so that 
Theorem 2.6 is applicable in this context. Obviously the properties of the sequence of 
errors E{x, S„(P)) strongly depend on the dictionary V. For example, if P = X, then 
E{x, S„(P)) = for all n > 1 and the dictionary is "too rich" to be of interest. 

For the sake of brevity, we say that a dictionary V satisfies Shapiro's Theorem in 
a quasi-Banach space X if the approximation scheme (X, {S„(r')}) satisfies Shapiro's 
Theorem. 

Proposition 3.7 implies that the dictionaries satisfying Shapiro's Theorem are stable 
under small perturbations: 

Corollary 6.14. Suppose a quasi-Banach space X is such that there exists p G (0,1], 
for which any Xi,X2 G X satisfy + < Ha^ip + ||3;2||^- Consider the dictionaries 
Vi = {ui}i(zj and V2 = {cjjjg/ in X , such that Di satisfies Shapiro's Theorem. Suppose, 
furthermore, that there exists A G (0, 1) such that \\ ~ — M\ /^'^ ^^^2/ 

family (aj)jg7 with finitely many non-zero entries. Then V2 satisfies Shapiro's Theorem. 
In particular, V2 satisfies Shapiro's Theorem in the following two situations: 

(1) (Yl Wil^Y^^ < c|| ^ajej|| for arbitrary scalars a^, and supjgj \\ui — ej|| < c'^^. 

(2) sup \ai\ < c\\ ^ajeill for arbitrary scalars ai, and (X^ie/ 11^* ~ eiW^Y^^ < c^^. 
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Note that the inequahty sup |aj| < c|| Xl'^i^ill (with an appropriate constant c) is sat- 
isfied if (ej), or even if (e^) arises from a bounded biorthogonal system. 

Below we give several examples of redundant dictionaries satisfying Shapiro's Theorem. 

Proposition 6.15. Let V = {x(a,fe) '■ < a < b < 1} be the set of characteristic 
functions of subintervals o/[0, 1]. Then (//p(0, 1), {S„(r')}^Q) satisfies Shapiro's theorem 
for < p < oo . 

Remark 6.16. Consider the dictionary T>' C consisting of characteristic functions of 
binary intervals in Lp(0, 1). By [33], the greedy algorithm in this setting converges "very 
fast," when / G Lp(0, 1) is such that the sequence I1„('D'))) decreases in a certain 

controlled manner. The result above shows that, in general, Tjn{T>'))) may decrease 

arbitrarily slowly. 

Proof. It is not difficult to prove, by induction on n, that any element of Sn(^^) can be 
written as a linear combination of at most 2n + 1 characteristic functions of intervals with 
non-empty interiors. This, in turn, implies S„(P) C 54„+2,i(0, 1), and the result follows 
from Theorem 6.13. □ 

Shapiro's Theorem also holds for the dictionary of imaginary exponentials V = {t ^ 
exp(iAt) : A G M} on any interval [a, 6]. Indeed, the theorem below deals with ridge 
functions, and includes these exponentials as a particular case (see e.g. [1 1] for an intro- 
duction to ridge functions). Suppose 11 = Hilif^j'-^j] a parallelepiped in M^, and 
the dictionary T) consists of functions f{t) = exp{—i{a,t)), with a G and t G 11 
{{a,t) = J2iLi CiiU denotes the usual scalar product of M^). 

Theorem 6.17. Suppose 11 is parallelepiped, and X is a Banach space of functions on 
n such that i^i(n) D X D C*(II), and that span[I'] = X. Then T> satisfies Shapiro's 
Theorem. 

The spaces X with the properties described above include Lp(Il) {I < p < oo) and 
C(n). Indeed, span[P] is closed under multiplication, and separates points in 11. By 
Stone- Weierstrass Theorem, span['D] is dense in C(n). Furthermore, C(n) is dense in 
Lp(n) ioT 1 < p < oo. 

Proof. By scaling, we can assume 11 = [0, 27r]^, and that 11 is equipped with the Lebesgue 
measure {2n)~^ dti . . .dt]^. Renorming X, we assume that < ||/|| for any / G X. 

Let C be a constant for which C||/||oo > ||/||- The dictionary V consists of functions 
fa{t) = exp{i{a,t)) {a G M^). We shall show that V has Property (P). To this end, fix 
n G N, and let x = Y2=i{-l)^f{k,o,...,o)/n'^ (note that /(fc,o,...,o)(^i, • • • , ^Af) = exp{ikti)). 
Clearly, < C. Consider a family a*^-'-' = {ai \ . . . , a^^^) G (1 < J < "'^i < — 1), 
and scalars ai,...,am- Let y = x + z, where z = Yl^=i'^jfaO)- We shall show that 

\\y\\ > i/n^- 
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Perturbing the a'^-'^'s slightly, we can assume that all the quantities af^ are different 



and non-integer. To estimate ||y||, recall that, for a multiindex k = [ki, . . . , k^) G Z 
and a function 6 defined on 11, we define the Fourier coefficient 



5 

N 



(f){k) = (0, fk) = , / . . . / . . . , tAf) exp{-i{kiti + . . . + kNtN)) dti . . . dtw- 

We shall show that, for at least one value k G {1, • • • , n^}, {—lY'^{z{k, 0, . . . , 0)) > 0. 
Once this is done, we conclude that 

||y|| > \\y\\i > |y(A;,0,...,0)| = \xik,0,...,0) + z{k,0,...,0)\ 



^ +5(fc,0,...,0)| > |3ft(^^ + z(fc,0,...,0))| > 1/ 



which is what we need. 

A straightforward calculation shows that, for a = (ai, . . .a^), 

exp(i/3) 



fa{k, 0, . . . , 0) = YV~ — ~ ' where C/j 



(«! — k)a2 ... Oat ' 27ri 
Let bj = 3?(ajC^{j) . . . c^u))- Suppose, for the sake of contradiction, 

'"ill 
^z{k,0,...,0))=J2b,^^—...— 

j=i a{'-k a^' a-^' 

has the same sign as (—1)'"'+^ for every value of k. Asm < n, there exists L G {1, . . . , n{n — 
1)} such that [L, L + n — 1] n {c({ \ • • • , '^i™''} = 0- Indeed, {c({ \ . . . , ct]^^} partitions 
[l,n^] into no more than m + 1 subintervals. If each of these subintervals contains less 
than n integer points, then the total number of integer points on [l,^^] cannot exceed 
(n — l)(n + 1), which is clearly false. 
For t G [L, L + n — 1] define 

""ill 

By assumption, is positive when k is an odd integer, and negative if k is an even 
integer. Therefore, for s G {l,...,n — 1} there exists tg G (L + s — 1, L + s) such that 

(t){ts) = 0. 

Now consider the m x m matrix 

A " ' ' ' 



and the vector b = {bi, . . . , 6^)*- Then Ab = 0, hence the matrix A is singular. However, 
by Cauchy's Lemma (see e.g. [13, p. 195]), the determinant of the matrix with entries 
{{xi - yj)~'^) equals Yli^j{xi - Xj){yi - yj)/ Ylij{xi + yj), hence A is non-singular. □ 
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Theorem 6.17 can be connected to the problem of approximation by elements of a frame 
(see e.g. [12] for an introduction to the topic). By Corollary 3.10 of [25], any normalized 
tight frame in a Hilbert space of the form (f/"?7)„gz {U is a unitary operator) is unitarily 
equivalent to the set V of the functions t h-> exp{27Tit)\E, where E is an essentially unique 
measurable subset of [0, 27r]. If E contains an interval, Theorem 6.17 shows that V (and 
therefore, J-") satisfies Shapiro's Theorem. We do not know whether this remains true for 
general sets E. 

In general, a frame V need not satisfy Shapiro's Theorem. For instance, we can find a 
family of vectors (up'*)ijgN, dense in S{i2), such that i:ui^^^ is an orthonormal basis for 
every j. If = 1, then V = (ajiip'')jjeN is a tight frame (that is, XleGf K/'^)l^ ~ 

11/11^ for any / G £2), yet clearly V fails Shapiro's Theorem. Frames which are "not too 
rich", however, do satisfy Shapiro's Theorem. For instance, suppose a frame has finite 
excess - that is, the removal of finitely many elements turns it into a basis (see e.g. [32] for 
some remarkable properties of frames with finite excess). Theorem 6.1 shows that such 
frames satisfy Shapiro's Theorem. Another class of interest is that of Riesz frames - that 
is, of frames {fi)i^i for which there exist positive constants A < B such that, for every 
J C J, and every / G span[/, : i e J], A\\ff < E.ej f)? < B\\ff. 

Proposition 6.18. // a dictionary V is a Riesz frame in £2, then it satisfies Shapiro's 
Theorem. 

Proof. By [11, Theorem 2.4], we can represent P as a union of two disjoint subsets: 
an unconditional basis (s'OieN; aiid a family {hi)i^r (r may be finite or infinite), such 
that, for every z G F, there exists a set Aj such that hi G span[5fj : j G Aj], and 
K = supjgr l^il < 00. 

By [lJ, Proposition 4.3], there exist < C < D (depending only on A and B) with 
the property that C^J2j I'^jP — II J2j'^j9j\\'^ — ^^Ylij I'^iP {^i) ^ ^2- Consider 

y = T.fIi9jl{DV^) and 

ieA j&B 

with 1^1 + \B\ < n. Then \\y\\ < 1. We show that \\y - z\\ > C/{DV2). As {gj) is a basis, 
we can write y — z = Yl'jLi lj9j- Note that, for 

J eC = {!,..., 2nK}\{BU{U,eA^,)), 

-fj = l/{DV2nK). As \C\ > nK, we conclude that \\y - z\\ > C/{D^/2). Since this 
inequality holds for any z G S„('D), Corollary 3.6 completes the proof. □ 

Certain approximation schemes related to MRA wavelets also satisfy Shapiro's Theo- 
rem. In the exposition below, we follow the notation of [56]. Suppose is a scaling function 
in L2(M). More precisely, suppose ||0|| = 1. For k,j G Z, let (j)k,j{x) = 2^/'^(f){2^x — j). Let 
Vfc = span[{</)fc J : j G Z}]. We are assuming that C V^+i for any A; G Z, UfcVfc = -^2(1^)5 
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and rifcVfc = {0}. Moreover, we assume that {(j)Qj}j^i is an orthonormal basis for Vq. 
Now we consider the dictionary V = {(pkj '■ k,j ^ Z} in Lp(M), for 1 < p < oo and its 
associated n-term approximation scheme An = 

Theorem 6.19. In the above notation, suppose the scaling function has compact sup- 
port. Then: 

(i) {L2(M.) , {An}) satisfies Shapiro's Theorem. 

{ii) Suppose, furthermore, that G Loo(IR)- Then (Lp(M), {/!„}) satisfies Shapiro's 
Theorem for 1 < p < oo. 

Note first that the orthogonal projection from L2(]R) onto Vk is given by 
(6.4) PJ = J2<Pk,j I f{t)4>,,{t)dt. 

If G Loo(ffi), then this family of projections is also uniformly bounded on Lp(M), for any 
p G [l,oo) (see [56, Section 8.1] for the proof of this fact, and for further properties of 
these projections). 

Define the map Dk by setting Dkf{x) = f{2^x). Then Vk = Dk{Vo) for any k, and 
Pk = DkPoD-k- 

Lemma 6.20. Suppose (/) is a scaling function in L2(M) with compact support. Then, 
for any n E N and e > 0, there exists iV G N with the property that, for any S C 
{A^, N + 1, . . . ,} X Z of cardinality n or less, and any f = J2ses (^s(ps, ||-Po/|| < ^11/11 ■ 

Proof Let T = {t G M : (f){t) ^ 0}, and Tkj = 2~^/'^{T + j). By assumption, T is (up to 
a set of measure zero) a subset of a certain interval J, of length |/|. Then Tk^ belongs to 
an interval of length 2~^/^|J|. Thus, there exists a constant K such that 

|{^GZ: |Tfc,,nTo,,| >0}| <i^' 

for any A; > and j G Z. 

Consider / = YJi=i'^i<Pk„jv with ki > 0. Let Tf = UTfc^j^. Then 

|{£gZ: |TjnTo,^| >0}| <Kn. 

Find G N such that \{g,(f))\ < e\\g\\/Kn whenever g differs from on a set of measure 
at most n2-^d. Then, for any / = Y17=i(^i^ki,jiy with ki > N, |(/, 0oj)| < £\\f\\/{Kn). 
Moreover, (/, 0o,j) 7^ for at most Kn different values of j. To complete the proof, recall 
that, by (6.4), 

Pof = ^{f, 0O,i)0O,i- 

□ 

A variant of the previous lemma (with identical proof) also holds for 1 < p < oo. 
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Lemma 6.21. Suppose (p is a scaling function in Loo(M) with compact support, and 
1 < p < oo. Then, for any n & N and e > 0, there exists N & N with the property 
that, for any S C {A^, A^ + l,...,}xZo/ cardinality n or less, and any f = Xlses '^s4>s! 
\\Pof\\p<e\ 



Proof of Theorem 6.19. We prove part (z) only, since part {ii) is handled in the same 
manner, with minimal changes. By Theorem 2.6, it suffices to show that this approx- 
imation scheme has Property (P). To this end, fix n G N. Let c = 1 / (8-\/n + 1). By 
Lemma 6.20, there exists G N such that ||-Po/|| < c||/|| for any / = Yll=i '^i4>ki,ji when- 
ever ki > N — 1 for each i. It is easy to see that, for any m G Z, we have ||-Pm/|| < 
for any / = Yli=i ^i'Pki,ji whenever ki>m + N — l for each i. 

Find norm 1 vectors Xg G Vsn+i Q Vsn (0 < s < n). Let x = (xq + . . . + Xn)/ + 1- 
We show that E{x, A^) > c. Indeed, consider / = XlILi ^i'Pkiji ^ ^n, and suppose, 
for the sake of contradiction, that ||a; — /|| < c. By Pigeon-Hole Principle, there exists 
s G {0, . . . ,n} with the property that no belongs to {sN, . . . , (s + 1)A^ — 1}. Let 
i<sN (^i4'ki,ja and /+ = Y.k .>(s+i)Ar «j0fej,ji- Note that, by our choice of , 
||-Pm./+|| < c||/+|| whenever m < sN + 1. 

In this notation, 

c> ||x - /II > ||(J - P,m){x -f)\\ = ||^li_=±^ _ (J _ p^^)/^||. 

By the triangle inequality, ||(/ — Psjv)/+|| <l + c. Therefore, ||/+|| < 2. Indeed, otherwise 
we would have 

1 + C> ||(/ - P,^)/+|| > II/+II - ||P,Ar/+|| > (1 - C)||/+|| > 2(1 - C), 

which contradicts the fact that c < 1/8. 
Similarly, 

c> ||x - /II > 11(7 - P.^-,i)(x - /)|| = ||^£±1±_^ _ (/ _ P,^^0/_,||. 



Thus, by the triangle inequality. 



2c > II l^_l±_J±^ _ (J _ p^^)f\ _ ( ^" - (/ - P,^^0/4 



+ PsNf+ — -Ps7V+l/+|| > II ^==11 ~ ||-Ps7v/+|| — \\PsN+lfi 



II , — j- I -SiVJ-t- - SJV-t-lJ i-ii _ II , — j- 

V + 1 V + 1 

We know that ||Pm/+|| < c||/+|| < 2c for any m < sN + 1. Recall that Wxs+i/y/n + 1|| = 
8c = 1/ \/n + 1. The previous centered inequality then implies 2c > 8c — 2c — 2c = 4c, a 
contradiction. □ 

Next we deal with the dictionaries in Lp(R) or Co(M) arising from translates of a single 
function. More precisely, for G Lp{M.), consider the set V = {0c : c G M}, with 
4>c{t) = (pit ~ c)- It is a well known result by Wiener (see [55, pp. 97-103], or [20, Chapter 
8]) that span[D] is dense in Li(R) if and only if the Fourier transform of doesn't vanish 
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on M, and span[P] is dense in L2(M) if and only if the Fourier transform of </) vanishes 
only on a measure subset of M. This condition is satisfied, for instance, if is a Gaussian 
function = e~"*^/^, for some a > 0. 

Theorem 6.22. Suppose X is either Lp(R) (0 < p < oo) or Co(M), and (p is a function 
in X . Denote by V the set of translates {(pc '■ c G M}. Then the approximation scheme 
(X, satisfies Shapiro's Theorem in each of the following two cases: 

(1) (j) has compact support, and the linear span of its translates is dense in X. 

(2) (j) is a Gaussian function. 

Proof. (1) We consider the case of X = Lp(M). The space Co(M) can be tackled in a similar 
fashion. By Corollary 3.6, it suffices to show that, for any n G N and 5 > 0, there exists 
/ G Lp{M.) such that E{f, S„(P)) > 1 — e. To this end, pick m G N such that n/m < e. 
Find a finite interval / such that (p vanishes outside of /. Set / = ni'^^'^ J2^iX[ai,ai+i], 
where a = \I\ + 2, and m > n. Consider g = X]j=i '^i^c^ G Then g vanishes 

outside S = ^]=i{I + Cj). By definition of a, [ai, ai + 1] fl S* = for at least m — n values 
of i. Therefore, ||/ — g\\ > ((m — n)/mY^^, which is what we need. 

(2) By [57, Theorem 2], span[P] is dense in Co(M), hence also in Lp(M.) {0 < p < oo). 
A Bernstein-type inequality from [21] shows that, for any / G we have < 

cn^/^ll/llp, for any p G (0, oo]. An application of Theorem 5.3 completes the proof. □ 

Finally we consider approximation schemes in tensor products and operator ideals. 
Suppose X and Y are Banach spaces. A cross-norm a on the algebraic tensor product 
X ®Y is a norm satisfying ||x ® y\\ = \\x\\ \\y\\ for any x & X and y The completion 
of X (8) y with respect to this norm is denoted by X (8)q, Y (this is a Banach space). The 
reader is referred to e.g. [17, 43, 54] for information about tensor norms. 

Proposition 6.23. Suppose X and Y are infinite dimensional Banach spaces, and a is 
a cross-norm. Denote by An the set of sums J2^=i xj ®yj in Z = X ®aY . Then {An) is 
an approximation scheme in Z, satisfying Shapiro's Theorem. 

Proof. Obviously, An = £„(!)), where V = X ®Y is, hj definition of Z, a dense subset 
of Z. To tackle Shapiro's Theorem, we show that {An) has Property (P). Fix n. Find 
unit vectors {xi)'^^i and (|/j)"=i in X and Y, respectively, forming Auerbach bases in their 
respective linear spans. That is, for any scalars 71, . . . , 7„, 

max|7fc| < min{|| ^7fcXfc||, || ^IkVkW} < ^ \lk\- 

Let z = Y12=i^k ^yk/n. Then ||2;|| < 1. We show that E{z,An-i) > l/n^. 

Suppose, for the sake of contradiction, that p — c|| < for some c = ^"=1 £ 
An^i- By Hahn-Banach Extension Theorem, there exist norm one linear functionals 
{fk) and {gk) in X* and Y* , respectively, which are biorthogonal to {xk) and {yk)- For 

1 < p, g < n, |(/p (g) gq, z) - {fp <S> gq, c)| < 1/n^ However, {fp ® g^, z) = 5pg/n, hence 
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{{fp ® gq, z))pg^i = I/n, where / is the n x n identity matrix. On the other hand, the 
matrix d = {{fp gq,c))pg^i) has rank less than n. Indeed, for each j, the rank of 
{{fp,aj){gg,bj))p^q doesn't exceed 1. As d = X]j=i ((/p' '^j)(5'9> ^j))p,9' "^^ conclude that 
rankd < n. 

Now equip the space of x n matrices with the Hilbert-Schmidt norm. It is well 
known that, for any matrix A of rank less than n, \\I — A\\hs > 1- On the other hand, 
\\I/n — d\\1[g = Ylpg=i \^pg ~ ^pql"^ < ' '^/^^ = V''^^' ^ contradiction. □ 

Now suppose .4 is a quasi-Banach operator ideal, equipped with the norm || ■ ^ (see 
[17, 43, 54] for the definition and basic properties of operator ideals). Define the A- 
approximation numbers by setting 

ai-^)(^)= inf \\T-u\U. 

ueB(X,Y),ranku<n 

Denote by A^-^'' {X, Y) the set of ^-approximable operators - that is, the operators T 
for which lim„ ai"^^(T) = - equipped with the norm || ■ ||_4. One can easily see this is a 
quasi-Banach space (a Banach space if ^ is a Banach ideal). Note that, if A is the ideal of 
bounded operators (or compact operators), with its canonical norm, we obtain the usual 
definitions of approximation numbers, and approximable operators, respectively. 

Let V be the dictionary of rank 1 vectors in A^-^\X,Y), where X and Y are infinite 
dimensional Banach spaces. For any T G B{X, Y), we have E{T, Ej(D)) = a\'^\{T). 

Corollary 6.24. In the above notation, the approximation scheme (Sj(X')) satisfies Shapiro's 
Theorem. 

Proof. It is well known that A'-^^ (X, Y) can be identified with X*®Q,y, for the appropriate 
cross-norm a. An application of Proposition 6.23 completes the proof. □ 

For certain ideals A, this theorem can be strengthened: it is possible to construct 
T G B{X, Y) for which the sequence {alf\T)) "behaves like" a prescribed sequence (a„). 
This result appears in the forthcoming paper [40] of the second author. 

7. Controlling the rate of approximation 

In the previous sections of this paper, we proved that, for a number of approximation 
schemes {An), we can find and element x in the ambient space, for which the sequence 
{E{x,An)) decreases arbitrarily slowly. In some situations, we can go further and guar- 
antee a prescribed behavior of {E{x, An)). 

Recall that an approximation scheme (X„) in a Banach space X is called linear ii the sets 
Xn are linear subspaces of X. By a classical result of Bernstein (see Section 1), if all the 
XnS are finite dimensional and \ 0, then there exists x G X such that E{x, Xn) = En 
for every n > 0. Without the finite dimensionality assumption, things are different. It was 
shown in [38] (see also [18, Section 1.6.3]) that a Banach space X is reflexive if and only if 
for any finite sequence of closed subspaces {0} = Xq C Xi C X2 . . . C X„ C Xn+i C X, 
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and for any Eq > 6i > . . . > En, there exists x G such that E{x,Xk) = for any 

< /c < n. An inspection of the proof shows the following: 

Proposition 7.1. Suppose X is a Banach space, {0} = Xq £ Xi C X2 . . . C X„ C 

Xn+i <Z X is a sequence of its closed subspaces, and Eq > ei > . . . > En- Then there exists 
X G Xn+i such that E{x, X^.) = Ek for any < k < n. 

If the chain of subspaces is infinite, we obtain a somewhat weaker result. 

Theorem 7.2. Let {0} = Xq C Xi C X2 ... be a sequence of closed subspaces of a 
Banach space X . Then for every {En} \ and every \ there are x E X , C > 
and {n{m)}'^^Q sequence of natural numbers verifying n{m) > m for all m, such that 

SmEn{m) < E{x, < CEn{m.), m = 0, 1, 2, ■ ■ ■ . 

Moreover, there exists an strictly increasing sequence of natural numbers {h{m)}'^^Q such 
that 

Sh{m)Eh{m) < E{x, Xh(^rn)) < CEh{m), m = 0, 1, 2, ■ ■ ■ . 

Proof. Assume, without loss of generality, that Eq = 1. Define Aq = Aq^Ieu}) as the set 
{x E X : {-^%^}5^Lo ^ Co}, equipped with the norm \\x\\ao = sup^gp^ Eix^x„) ^^^^ 
Prop. 3.8, Theorems 3.12 and 3.17]). It is easy to see that Ao is a Banach space, and the 
natural embedding of Ao into X is contractive. We claim that, for any x E X and m > 0, 

(7.1) E{x,Xra)Ao{{e}) = SUp . 

n>m Eji 

Indeed, 

(7.2) E[x,Xm)Ao{{e}) = inf lF-y|Uo= inf sup . 

y&Xm y&Xm n En 

For n < m, we trivially have £'(x — ?/, X„) < — ?/||. Form > n, E{x—y,Xn) = E{x,Xn)- 
Taking the infimum over y E Xm in (7.2), and recalling that Eq > Ei > . . ., we obtain 
(7.1). 

Note that lim^ sup„>,^ e~^E{x, Xn) = 0, hence {Xn) is an approximation scheme in Aq. 
Moreover, this scheme is non-trivial: for each n, the inclusion of X„ into Aq is strict. 
Thus, {Aq, {Xn}) satisfies Shapiro's Theorem. By Corollary 3.6, for every {6n} \ there 
exists X E AQ^En) such that 

sup = E{x, Xm)Ao{e„) > 25^ (m = 0, 1 , 2, ■ ■ ■ ) • 

n>m En 

In other words, for every m E N there exists n(m) > m such that E{x, Xn{ni.)) > ^m^n(m)- 
Taking C = \\x\\ao, we establish the first claim of this theorem. To prove the second 
claim, it is enough to take a strictly increasing subsequence h{m) of n{m), and to recall 
that {Sm} is decreasing. □ 
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Recall the density sequence dj = E{S{X),Ai), defined in Section 4. There, it was 
observed that {dj}^Q is non-increasing, and {X, {An}) satisfies Shapiro's Theorem if and 
only if dj = 1 for every i. The following result is a "mirror image" of Brudnyi's theorem. 

Theorem 7.3. Suppose that {si} is a sequence of positive numbers converging to 0, 
{X, {An}) is an approximation scheme in a Banach space X, and dj > for i = 0, 1, ■ ■ ■ . 
Then there exists x G X\(UjAj) such that < E{x^ Ai) < Si for each i. 

Lemma 7.4. Suppose {X, {An}) is an approximation scheme in a Banach space X . Sup- 
pose, furthermore, that i G N satisfies dK{i) > 0. Then for any c G (0, 1) there exist j > i 
and yo G Aj, such that \\yo\\ = 1, and E{x + ayo, Ai) > c\a\dK{i) for any x G Ai, and any 
scalar a. 

Proof As S{X) n(Uj ^j) is dense in S{X), we can find j G N and yo G Aj (1 S{X) in 
such a way that E{yo, AK(i)) > cdK(i)- Then, for any x, z E Ai, 

\\{x + ayo) - z\\ = \\ayo - {z - x)\\ > \a\E{yo, AK(i)) > c\a\dK(i), 

which is what we wanted to prove. □ 

Proof of Theorem 7. 3. We are going to find a "rapidly increasing" sequence = zq < 1 = 
ii < i2 < is < ■ ■ ■, a. "rapidly decreasing" sequence 5i > ^2 > . . . > 0, and a sequence of 
elements Xj G Ai^, in such a way that the following holds for every j: 

(7.3) 5j <mm{eij2,5j_idK{ij_2)/4:}, \\xj - Xj_i\\ < 5j, E{xj, Ai^_J > A5jdK(i^_^)/5. 

As 6j < 5j„i/4, {xj} is a Cauchy sequence in X. Let x = limj xj. We claim that x ^ UjAj 
and E{x, Ae) < ee for each i. Indeed, for < i < ij, 

oo 

E{x, A,) < E{x, Ai^_,) < ^ 4 < Sj 4"' < 26 j < e,^ < 

k>j s=0 

On the other hand, 

E(x,A,^ > - ^4 > - d.<.,_.,«, f:4- > %^ > 0. 

k>j s=l 

Thus, it suffices to show the existence of the sequences {ij}, {xj}, and {Sj} with desired 
properties. Set Xq = 0. Let 6i = ei/2, and pick an arbitrary xi G Ai with ||xi|| = Si. 
Now suppose Xj G Ai^, 6j > 0, and nj G N have been defined for j < k, in such a way 
that (7.3) are satisfied. By Lemma 7.4, we can find s such that there exists y E Ag with 
llyll = 1, for which E{xk-i + Sy, > 4(5d/^(j^,_^)/5 hold for any S > 0. Set ik = K{s), 

and 6k = min{£:j^, 5fc_idx(ife_2)/4}- Then Xk = Xk-i + 4y e Ai^, \\xk - Xj-k\\ = 4, and 
E{xk,Ai^_^) > AdKii^_^)Sk/5. □ 
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